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UNIQUENESS IN DISCRETE TOMOGRAPHY
OF PLANAR MODEL SETS
CHRISTIAN HUCK
Abstrat. The problem of determining nite subsets of harateristi planar model sets
(mathematial quasirystals) Λ, alled ylotomi model sets, by parallel X-rays is onsid-
ered. Here, an X-ray in diretion u of a nite subset of the plane gives the number of points
in the set on eah line parallel to u. For pratial reasons, only X-rays in Λ-diretions, i.e.,
diretions parallel to non-zero elements of the dierene set Λ−Λ, are permitted. In parti-
ular, by ombining methods from algebrai number theory and onvexity, it is shown that
the onvex subsets of a ylotomi model set Λ, i.e., nite sets C ⊂ Λ whose onvex hulls
ontain no new points of Λ, are determined, among all onvex subsets of Λ, by their X-rays
in four presribed Λ-diretions, whereas any set of three Λ-diretions does not sue for this
purpose. We also study the interative tehnique of suessive determination in the ase of
ylotomi model sets, in whih the information from previous X-rays is used in deiding
the diretion for the next X-ray. In partiular, it is shown that the nite subsets of any
ylotomi model set Λ an be suessively determined by two Λ-diretions. All results are
illustrated by means of well-known examples, i.e., the ylotomi model sets assoiated with
the square tiling, the triangle tiling, the tiling of Ammann-Beenker, the Tübingen triangle
tiling and the shield tiling.
1. Introdution
Disrete tomography is onerned with the inverse problem of retrieving information about
some disrete objet from (generally noisy) information about its inidenes with ertain query
sets. A typial example is the reonstrution of a nite point set from its line sums in a small
number of diretions. More preisely, a (disrete parallel) X-ray of a nite subset of Eulidean
d-spae Rd in diretion u gives the number of points in the set on eah line in Rd parallel to u.
In the lassial setting, motivated by rystals, the positions to be determined live on the square
lattie Z
2
or, more generally, on arbitrary latties L in Rd, where d ≥ 2. (Here, a subset S of
R
d
is said to live on a subgroup G of Rd when its dierene set S − S := {s − s′ | s, s′ ∈ S}
is a subset of G.) In fat, many of the problems in disrete tomography have been studied
on Z
2
, the lassial planar setting of disrete tomography; see [24℄, [23℄ and [19℄. In the
longer run, by also having other strutures than perfet rystals in mind, one has to take
into aount wider lasses of sets, or at least signiant deviations from the lattie struture.
As an intermediate step between periodi and random (or amorphous) Delone sets (dened
below), we onsider systems of aperiodi order, more preisely, of so-alled model sets (or
mathematial quasirystals), whih are ommonly aepted as a good mathematial model for
quasirystalline strutures in nature [40℄. It is interesting to know whether these sets behave
like latties as far as disrete tomography is onerned.
The main motivation for our interest in the disrete tomography of model sets omes from
the physial existene of quasirystals that an be desribed as aperiodi model sets together
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with the demand of materials siene to reonstrut three-dimensional (quasi)rystals or planar
layers of them from their images under quantitative high resolution transmission eletron
mirosopy (HRTEM) in a small number of diretions. In fat, in [26, 37℄ a tehnique is
desribed, based on HRTEM, whih an eetively measure the number of atoms lying on
lines parallel to ertain diretions; it is alled QUANTITEM (quantitative analysis of the
information oming from transmission eletron mirosopy). At present, the measurement
of the number of atoms lying on a line an only be ahieved for some rystals; see [26, 37℄.
However, it is reasonable to expet that future developments in tehnology will improve this
situation.
Whether or not one has future appliations in materials siene in mind, the starting point
will always be a spei struture model. This means that the spei type of the (quasi)rystal
is given (see [2, 38℄ for the onept), and one is onfronted with the X-ray data of an unknown
nite subset of it. This is the orret analogue of starting with translates of Z
d
in the lassial
setting.
Here, our investigation of the disrete tomography of systems with aperiodi order will
be restrited to the study of two-dimensional systems. Fortunately, solving the problems of
disrete tomography for two-dimensional systems with aperiodi order also lies at the heart
of solving the orresponding problems in three dimensions. This is due to the fat that model
sets possess, as it is the ase for latties, a dimensional hierarhy, meaning that any model set
in d dimensions an be slied into model sets of dimension d− 1.
More preisely, we onsider a well-known lass of planar model sets whih an be desribed
in algebrai terms. It will be a nie property of this lass of planar model sets that it ontains,
as a speial ase, arbitrary translates of the square lattie Z
2
, whih orresponds to the lassial
planar setting of disrete tomography.
Let us beome more spei. By using the Minkowski representation of algebrai number
elds, we introdue, for n /∈ {1, 2}, the orresponding lass of ylotomi model sets Λ ⊂ C ∼=
R
2
whih live on Z[ζn], where ζn is a primitive nth root of unity in C, e.g., ζn = e
2πi/n
. The Z-
module Z[ζn] is the ring of integers in the nth ylotomi eldQ(ζn), and, for n /∈ {1, 2, 3, 4, 6},
when viewed as a subset of the plane, is dense, whereas ylotomi model sets Λ are Delone
sets, i.e., they are uniformly disrete and relatively dense. In fat, model sets are even Meyer
sets, meaning that also Λ − Λ is uniformly disrete; see [29℄. It turns out that, exept the
ylotomi model sets living on Z[ζn] with n ∈ {3, 4, 6} (these are exatly the translations
of the square and the triangular lattie, respetively), ylotomi model sets Λ are aperiodi,
meaning that they have no translational symmetries at all. Well-known examples are the
planar model sets with N -fold yli symmetry that are assoiated with the square tiling
(n = N = 4), the triangle tiling (2n = N = 6), the Ammann-Beenker tiling (n = N = 8),
the Tübingen triangle tiling (2n = N = 10) and the shield tiling (n = N = 12). Note that
orders 5, 8, 10 and 12 our as standard yli symmetries of genuine quasirystals [40℄, whih
are basially staks of planar aperiodi layers.
In general, the reonstrution problem of disrete tomography an possess rather dierent
solutions. This leads to the investigation of the orresponding uniqueness problem, i.e., the
(unique) determination of nite subsets of a xed ylotomi model set Λ by X-rays in a small
number of suitably presribed diretions. For pratial reasons, only X-rays in Λ-diretions,
i.e., diretions parallel to non-zero elements of the dierene set Λ − Λ of Λ, are permitted.
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We say that a subset E of the set of all nite subsets of a xed ylotomi model set Λ is
determined by the X-rays in a nite set U of diretions if dierent sets F and F ′ in E have
dierent X-rays, i.e., if there is a diretion u ∈ U suh that the X-rays of F and F ′ in diretion
u dier.
Without the restrition to Λ-diretions, one an prove that the nite subsets of a xed
ylotomi model set Λ an be determined by one X-ray (Proposition 7). In fat, it turns
out that any X-ray in a non-Λ-diretion is suitable for this purpose. However, in pratie
(HRTEM), X-rays in non-Λ-diretions are meaningless sine the resolution oming from suh
X-rays would not be good enough to allow a quantitative analysis  neighbouring lines are
not suiently separated.
Proposition 9 demonstrates that the nite sets F of ardinality less than or equal to some
k ∈ N in a xed ylotomi model set Λ are determined by any set of k+1 X-rays in pairwise
non-parallel Λ-diretions. However, in pratie, one is interested in the determination of nite
sets by X-rays in a small number of diretions sine after about 3 to 5 images taken by
HRTEM, the objet may be damaged or even destroyed by the radiation energy. Observing
that the typial atomi strutures to be determined omprise about 106 to 109 atoms, one
realizes that the last result is not pratial at all. In fat, it is also shown that any xed
number of X-rays in Λ-diretions is insuient to determine the entire lass of nite subsets
of a xed ylotomi model set Λ (Proposition 8).
In view of this, it is neessary to impose some restrition in order to obtain positive unique-
ness results.
As a rst option, we restrit the set of nite subsets of a xed ylotomi model set Λ
under onsideration, i.e., we onsider for every R > 0 the lass of bounded subsets of Λ with
diameter less than R. Sine Λ is uniformly disrete, bounded subsets of Λ are nite. It is
shown that, for all R > 0 and for all ylotomi model sets Λ, there are two non-parallel
presribed Λ-diretions suh that the bounded subsets of Λ with diameter less than R are
determined, among all suh subsets of Λ, by their X-rays in these diretions (Corollary 11).
In fat, in Theorem 13, it is shown that the orresponding result holds for arbitrary Delone
sets Λ ⊂ Rd, d ≥ 2, of nite loal omplexity, the latter meaning that the dierene set Λ−Λ
is losed and disrete. Thereby, also the ase of translates of latties L in Rd, d ≥ 2, is
inluded (Corollary 12). Moreover, even the orresponding results for orthogonal projetions
on orthogonal omplements of 1-dimensional (respetively, (d − 1)-dimensional) subspaes
generated by elements of Λ− Λ (resp., L− L = L) hold; the multipliity information oming
along with X-rays is not needed. Unfortunately, these results are limited in pratie beause,
in general, one annot make sure that all the diretions whih are used yield images of high
enough resolution.
As a seond option, we restrit the set of nite subsets of a xed ylotomi model set Λ
by onsidering the lass of onvex subsets of Λ. They are nite sets C ⊂ Λ whose onvex hulls
ontain no new points of Λ, i.e., nite sets C ⊂ Λ with C = conv(C)∩Λ. In Theorem 15, it is
shown that there are four pairwise non-parallel presribed Λ-diretions suh that the onvex
subsets of any ylotomi model set Λ living on Z[ζn] are determined, among all onvex
subsets of Λ, by their X-rays in these diretions. It is further shown that three pairwise non-
parallel Λ-diretions never sue for this purpose, whereas any seven pairwise non-parallel
Λ-diretions whih satisfy a ertain relation (see below for details) have the property that the
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onvex subsets of any ylotomi model set Λ are determined, among all onvex subsets of
Λ, by their X-rays in these diretions. It is also demonstrated that, in a sense, the number
seven annot be redued to six in the latter result. These results heavily depend on a massive
restrition of the set of Λ-diretions. We shall also remove this restrition and present expliit
results in the ase of the important sublass of ylotomi model sets Λ with o-dimension
2, i.e., ylotomi model sets living on Z[ζn], where n ∈ {5, 8, 10, 12}. Here, by using p-adi
valuations, we are able to present a more suitable analysis whih shows that uniqueness will be
provided by any set of four Λ-diretions whose slopes (suitably ordered) yield a ross ratio that
does not map under the eld norm of the eld extension Q(ζn+ ζ¯n)/Q to a ertain nite set of
rational numbers (Theorem 16). (It will turn out that these ross ratios are indeed elements
of the maximal real subeld Q(ζn + ζ¯n) of the nth ylotomi eld Q(ζn).) It is also shown
that, by the same analysis, similar results an be obtained for arbitrary ylotomi model sets
(Theorem 17). In the ase of ylotomi model sets with o-dimension 2, we shall be able
to present sets of four Λ-diretions whih provide uniqueness and yield images of rather high
resolution in the quantitative HRTEM of the orresponding (aperiodi) ylotomi model sets,
the latter making these results look promising.
A major task in ahieving the above results involves examining so-alled U -polygons in y-
lotomi model sets Λ, whih exhibit a weak sort of regularity. In the ontext of U -polygons,
the question for anely regular polygons in the plane with all their verties in a xed y-
lotomi model set Λ arises rather naturally. Chrestenson [12℄ has shown that any (planar)
regular polygon whose verties are ontained in Z
d
for some d ≥ 2 must have 3, 4 or 6 verties.
More generally, Gardner and Gritzmann [17℄ have haraterized the anely regular lattie
polygons, i.e., images of non-degenerate regular polygons under a non-singular ane transfor-
mation R
2 −→ R2 whose verties are ontained in Z2. It turned out that these are preisely
the anely regular triangles, parallelograms and hexagons. Clearly, their result remains valid
when one replaes the square lattie Z
2
by the triangular lattie Z[ζ3], sine the latter is the
image of the rst under an invertible linear transformation of the plane. Observing that both
the square and triangular lattie are examples of rings of integers Z[ζn] in ylotomi elds
Q(ζn), one an ask for a generalization of the above result to all these objets, viewed as
Z-modules in the plane. Using standard results from algebra and algebrai number theory, we
provide a haraterization in terms of a simple divisibility ondition (Theorem 6). Moreover,
we show that our haraterization of anely regular polygons remains valid when restrited
to the orresponding lass of ylotomi model sets Λ (Corollary 7).
As a third option, we onsider the interative tehnique of suessive determination, in-
trodued by Edelsbrunner and Skiena [14℄ for ontinuous X-rays, in the ase of aperiodi
ylotomi model sets, in whih the information from previous X-rays may be used in deid-
ing the diretion for the next X-ray. Here, it is shown that the nite subsets of any ylotomi
model set Λ an be suessively determined by X-rays in two non-parallel Λ-diretions. In
fat, it is shown that, for n /∈ {1, 2}, the nite subsets of the ring of ylotomi integers Z[ζn]
an be suessively determined by X-rays in two non-parallel Z[ζn]-diretions, i.e., diretions
parallel to a non-zero element of Z[ζn] (Theorem 20). Again, the orresponding results do
even hold for orthogonal projetions on orthogonal omplements of 1-dimensional subspaes
generated by elements of Λ − Λ; the multipliity information oming alsong with X-rays is
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again not needed. Unfortunately, these results are again limited in pratie beause, in gen-
eral, one annot make sure that all the diretions whih are used yield images of high enough
resolution.
Previous studies have foussed on the `anhored' ase that the underlying ground set is
loated in a linear spae, i.e., in a spae with a speied loation of the origin. The X-ray
data is then taken with respet to this loalization. Note that the rotational orientation of
a (quasi)rystalline probe in an eletron mirosope an rather easily be done in the dira-
tion mode, prior to taking images in the high-resolution mode, though, in general, a natural
hoie of a translational origin is not possible. This problem has its origin in the pratie of
quantitative HRTEM sine, in general, the X-ray information does not allow us to loate the
examined sets. We believe that, in order to obtain appliable results, one has to deal with
this `non-anhored' ase.
In disussing inverse problems, it is important to distinguish between determination and
reonstrution. The problem of reonstruting nite subsets of ylotomi model sets Λ given
X-rays in two Λ-diretions is treated in [4℄. There, it is shown that, for a large lass of
ylotomi model sets, this problem an be solved in polynomial time in the real RAM-model
of omputation. For orresponding results in the lattie ase, see [19℄.
Note that this work provides a generalization of well-known results, obtained by Gardner
and Gritzmann [17℄ for the `anhored' ase of xed translates of latties L in Rd, d ≥ 2,
to the lass of ylotomi model sets. Additionally, we shall present results whih deal with
the `non-anhored' ase desribed above. Several of our proofs are only a slight modiation
of the proofs from [17℄. The key role in this text is played by Lemma 21, whih rests on a
result from the theory of Pisot-Vijayaraghavan numbers [34℄, and p-adi valuations. For more
details, other settings, and the historial bakground of the above uniqueness problems, we
would like to refer the reader to [17℄ and referenes therein.
2. Algebrai Bakground, Definitions and Notation
Natural numbers are always assumed to be positive, i.e., N = {1, 2, 3, . . . }. Throughout
the text, we use the onvention that the symbol ⊂ inludes equality. We denote the norm in
Eulidean d-spae Rd by ‖ · ‖. The unit sphere in Rd is denoted by Sd−1, i.e.,
S
d−1 =
{
x ∈ Rd
∣∣∣ ‖x‖ = 1} .
Moreover, the elements of S
d−1
are also alled diretions. If x ∈ R, then ⌊x⌋ denotes the
greatest integer less than or equal to x. For r > 0 and x ∈ Rd, Br(x) is the open ball of
radius r about x. If k, l ∈ N, then (k, l) and [k, l] denote their greatest ommon divisor and
least ommon multiple, respetively. There should be no onfusion with the usual notation of
open (resp., losed) and bounded real intervals. For a subset S ⊂ Rd, k ∈ N and R > 0, we
denote by card(S), F(S), F≤k(S), D<R(S), S◦, S, ∂S, 〈S〉Z, 〈S〉Q, 〈S〉R, conv(S), diam(S)
and 1S the ardinality, the set of nite subsets, the set of nite subsets of S having ardinality
less than or equal to k, the set of subsets of S with diameter less than R, interior, losure,
boundary, Z-linear hull, Q-linear hull, R-linear hull, onvex hull, diameter and harateristi
funtion of S, respetively. The notation of the losure operator should not be onfused with
the usual notation of omplex onjugation. The dimension of S is the dimension of its ane
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hull aff(S), and is denoted by dim(S). Further, a linear subspae T of Rd is alled an S-
subspae if it is generated by elements of the dierene set S − S := {s − s′ | s, s′ ∈ S}. A
diretion u ∈ Sd−1 is alled an S-diretion if it is parallel to a non-zero element of S − S. If
T is a linear subspae of Rd, we denote the orthogonal projetion of an element x of Rd on T
by x|T . Moreover, we denote the orthogonal projetion of a subset S of Rd on T by S|T . The
orthogonal omplement of T is denoted by T⊥. If we use this notation with respet to other
than the anonial inner produt on R
d
, we shall say so expliitly. The symmetri dierene
of two sets A and B is dened as A△B := (A \ B) ∪ (B \ A). A subset S of Rd is said to
live on a subgroup G of Rd when its dierene set S − S is a subset of G. Obviously, this is
equivalent to the existene of a suitable t ∈ Rd suh that S ⊂ t+G. Finally, the entroid of
an element F ∈ F(Rd) is dened as (∑f∈F f)/ card(F ).
Denition 1. Let d ∈ N and let F ∈ F(Rd). Furthermore, let u ∈ Sd−1 be a diretion and
let Lu be the set of lines in diretion u in Rd. Then, the (disrete parallel) X-ray of F in
diretion u is the funtion XuF : Lu −→ N0 := N ∪ {0}, dened by
XuF (ℓ) := card(F ∩ ℓ ) =
∑
x∈ℓ
1F (x) .
Moreover, the support of XuF , i.e., the set of lines in Lu whih pass through at least one point
of F , is denoted by supp(XuF ). For z ∈ Rd, we denote by ℓzu the element of Lu whih passes
through z.
Remark 1. In the situation of Denition 1, supp(XuF ) is nite and, moreover, the ardinality
of F is impliit in the X-ray, sine one has∑
ℓ∈supp(XuF )
XuF (ℓ) = card(F ) .
Lemma 1. Let d ∈ N and let u ∈ Sd−1 be a diretion. If F,F ′ ∈ F(Rd), one has:
(a) XuF = XuF
′
implies card(F ) = card(F ′).
(b) If XuF = XuF
′
, the entroids of F and F ′ lie on the same line parallel to u.
Proof. See [17, Lemma 5.1 and Lemma 5.4℄. 
Denition 2. Let d ≥ 2, let E ⊂ F(Rd), and let m ∈ N. Further, let U be a nite set of
diretions and let T be a nite set of 1-dimensional subspaes T of Rd.
(a) We say that E is determined by the X-rays in the diretions of U if, for all F,F ′ ∈ E ,
one has
(XuF = XuF
′ ∀u ∈ U) =⇒ F = F ′ .
(b) We say that E is determined by the (orthogonal) projetions on the othogonal om-
plements T⊥ of the subspaes T of T if, for all F,F ′ ∈ E , one has
(F |T⊥ = F ′|T⊥ ∀T ∈ T ) =⇒ F = F ′ .
() We say that E is suessively determined by the X-rays in the diretions of U , say
U = {u1, . . . , um}, if, for a given F ∈ E , these an be hosen indutively (i.e., the
hoie of uj depending on all XukF with k ∈ {1, . . . , j − 1}) suh that, for all F ′ ∈ E ,
one has
(XuF
′ = XuF ∀u ∈ U) =⇒ F ′ = F .
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(d) We say that E is suessively determined by the (orthogonal) projetions on the othog-
onal omplements T⊥ of the subspaes T of T , say T = {T1, . . . , Tm}, if, for a given
F ∈ E , these an be hosen indutively (i.e., the hoie of Tj depending on all F |T⊥k
with k ∈ {1, . . . , j − 1}) suh that, for all F ′ ∈ E , one has
(F |T⊥ = F ′|T⊥ ∀T ∈ T ) =⇒ F = F ′ .
(e) We say that E is determined (resp., suessively determined) by m X-rays if there
is a set U of m pairwise non-parallel diretions suh that E is determined (resp.,
suessively determined) by the X-rays in the diretions of U .
(f) We say that E is determined (resp., suessively determined) by m (orthogonal) pro-
jetions on orthogonal omplements of 1-dimensional subspaes if there is a set T of m
pairwise non-parallel 1-dimensional subspaes of Rd suh that E is determined (resp.,
suessively determined) by the (orthogonal) projetions on the othogonal omple-
ments T⊥ of the subspaes T of T .
Remark 2. Let E ⊂ F(Rd). Note that if E is determined by a set of X-rays (resp., proje-
tions), then E is suessively determined by the same X-rays (resp., projetions).
Denition 3. Consider the Eulidean plane, R
2
.
(a) A linear transformation (resp., ane transformation) Ψ : R2 −→ R2 is given by
z 7−→ Az (resp., z 7−→ Az + t), where A is a real 2 × 2 matrix and t ∈ R2. In both
ases, Ψ is alled singular (resp., non-singular) when det(A) = 0 (resp., det(A) 6= 0).
(b) A homothety h : R2 −→ R2 is given by z 7−→ λz + t, where λ ∈ R is positive and
t ∈ R2. A homothety is alled a dilatation if t = 0. Further, we all a homothety
expansive if λ > 1.
Denition 4. Let S ⊂ R2.
(a) A onvex polygon is the onvex hull of a nite set of points in R
2
.
(b) A polygon in S is a onvex polygon with all verties in S.
() A nite subset C of S is alled a onvex set in S if its onvex hull ontains no new
points of S, i.e., if C = conv(C) ∩ S. Moreover, the set of all onvex sets in S is
denoted by C(S).
(d) A regular polygon is always assumed to be planar, non-degenerate and onvex. An
anely regular polygon is a non-singular ane image of a regular polygon. In parti-
ular, it must have at least 3 verties.
(e) Let U ⊂ S1 be a nite set of diretions. We all a non-degenerate onvex polygon P a
U -polygon if it has the property that whenever v is a vertex of P and u ∈ U , the line
ℓvu in the plane in diretion u whih passes through v also meets another vertex v
′
of
P .
Remark 3. Note that U -polygons have an even number of verties. Moreover, an anely
regular polygon with an even number of verties is a U -polygon if and only if eah diretion
of U is parallel to one of its edges.
The following property is straight-forward.
Lemma 2. Let h : R2 −→ R2 be a homothety and let U ⊂ S1 be a nite set of diretions.
Then, one has:
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(a) If P is a U -polygon, the image h[P ] of P under h is again a U -polygon.
(b) If F1 and F2 are elements of F(R2) with the same X-rays in the diretions of U , the
sets h[F1] and h[F2] also have the same X-rays in the diretions of U . 
For all n ∈ N, and ζn a xed primitive nth root of unity (e.g., ζn = e2πi/n), let Q(ζn) be the
orresponding ylotomi eld. It is well known that Q(ζn + ζ¯n) is the maximal real subeld
of Q(ζn); see [41℄. Throughout this paper, we shall use the notation
Kn = Q(ζn), kn = Q(ζn + ζ¯n), On = Z[ζn], On = Z[ζn + ζ¯n] ,
while φ denotes Euler's phi-funtion (often also alled Euler's totient funtion), i.e.,
φ(n) = card
({
k ∈ N | 1 ≤ k ≤ n and (k, n) = 1}) .
Oasionally, we shall identify C with R
2
. Moreover, we denote the set of primes by P and
its subset of Sophie Germain prime numbers (i.e., primes p for whih the number 2p + 1 is
prime as well) by PSG.
Remark 4. Sophie Germain prime numbers p ∈ PSG are the primes p suh that the equation
φ(n) = 2p has solutions. It is not known whether there are innitely many Sophie Germain
primes. The rst few are
{2, 3, 5, 11, 23, 29, 41, 53, 83, 89, 113, 131, 173,
179, 191, 233, 239, 251, 281, 293, 359, 419, . . . } ,
see entry A005384 of [39℄ for further details.
Lemma 3. For n ≥ 3, one has:
(a) On is an On-module of rank 2. More preisely, On = On + On ζn, and {1, ζn} is an
On-basis of On.
(b) Kn is a kn-vetor spae of dimension 2. More preisely, Kn = kn+ kn ζn, and {1, ζn}
is a kn-basis of Kn.
Proof. First, we show (a). The linear independene of {1, ζn} over On is lear (sine by our
assumption n ≥ 3, {1, ζn} is even linearly independent over R). It sues to prove that all
non-negative integral powers ζmn satisfy ζ
m
n = α+βζn for suitable α, β ∈On. Using indution,
we are done if we show ζ2n = α + βζn for suitable α, β ∈On. To this end, note ζ¯n = ζ−1n and
observe that ζ2n = −1 + (ζn + ζ−1n )ζn. Claim (b) follows from the same argument. 
Remark 5. Seen as a point set of R
2
, On has N -fold yli symmetry, where
(1) N = N(n) := [n, 2] .
Exept for the one-dimensional ase (n ∈ {1, 2}, where O1 = O2 = Z) and the rystallographi
ases (n ∈ {3, 6} (triangular lattie O3 = O6) and n = 4 (square lattie O4), see Figure 1),
On is dense in R2; see [4, Remark 1℄.
Proposition 1 (Gauÿ). [Kn : Q] = φ(n), hene the set {1, ζn, ζ2n, . . . , ζφ(n)−1n } is a Q-basis of
Kn. The eld extension Kn/Q is a Galois extension with Abelian Galois group G(Kn/Q) ∼=
(Z/nZ)×, where a (modn) orresponds to the automorphism given by ζn 7−→ ζan.
Proof. See [41, Theorem 2.5℄. 
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Remark 6. Note the identity (Z/nZ)× = {a (mod n) | (a, n) = 1} and see [3, Table 3℄ for
examples of the expliit struture of G(Kn/Q). This referene also ontains further material
and referenes on the role of On in the ontext of model sets.
Lemma 4 (Degree formula). Let E/F/K be an extension of elds. Then
[E : K] = [E : F ][F : K] .
Proof. See [28, Ch. V.1, Proposition 1.2℄. 
Corollary 1. If n ≥ 3, one has [kn : Q] = φ(n)/2. It follows that a Q-basis of kn is given
by {1, (ζn + ζ¯n), (ζn+ ζ¯n)2, . . . , (ζn+ ζ¯n)φ(n)/2−1}. Moreover, kn/Q is a Galois extension with
Abelian Galois group G(kn/Q) ∼= (Z/nZ)×/{±1 (mod n)}.
Proof. This is an immediate onsequene of Lemma 3(b), Lemma 4, Proposition 1 and Galois
theory. 
Remark 7. The dimension statement of Corollary 1 also follows via Galois theory from
Lemma 4 in onnetion with the fat that kn is the xed eld of Kn with respet to the
subgroup {id, .¯} of G(Kn/Q), where .¯ denotes omplex onjugation, i.e., the automorphism
given by ζn 7−→ ζ−1n (reall that kn is the maximal real subeld of Kn).
Lemma 5. If m,n ∈ N, then Km ∩Kn = K(m,n).
Proof. The assertion follows from similar arguments as in the proof of the speial ase (m,n) =
1; ompare [28, Ch. VI.3, Corollary 3.2℄. Here, one has to observe Q(ζm, ζn) = KmKn =
K[m,n] and then to employ the identity
(2) φ(m)φ(n) = φ([m,n])φ((m,n))
instead of merely using the multipliativity of the arithmeti funtion φ. 
Lemma 6. Let m,n ∈ N. The following statements are equivalent:
(i) Km ⊂ Kn.
(ii) m|n, or m ≡ 2 (mod 4) and m|2n.
Proof. For diretion (ii)⇒ (i), suppose rst m|n. This learly implies the assertion. Seondly,
if m ≡ 2 (mod 4), say m = 2o for a suitable odd number o, and m|2n, then Ko ⊂ Kn (due
to o|n). However, Proposition 1 shows that the inlusion of elds Ko ⊂ K2o = Km annot be
proper sine we have, by means of the multipliativity of φ, φ(m) = φ(2o) = φ(o). This gives
Km ⊂ Kn.
For diretion (i) ⇒ (ii), suppose the inlusion of elds Km ⊂ Kn. Then, Lemma 5 implies
Km = K(m,n), hene
(3) φ(m) = φ((m,n)) ;
see Proposition 1 again. Using the multipliativity of φ together with φ(pj) = pj−1 (p − 1)
for p ∈ P and j ∈ N, we see that, given the ase (m,n) < m, (3) an only be fullled if
m ≡ 2 (mod 4) and m|2n. The remaining ase (m,n) = m is equivalent to the relation
m|n. 
The following onsequene is immediate.
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Corollary 2. Let m,n ∈ N. The following statements are equivalent:
(i) Km = Kn.
(ii) m = n, or m is odd and n = 2m, or n is odd and m = 2n. 
Remark 8. Corollary 2 implies that, for m,n 6≡ 2 (mod 4), one has the identity Km = Kn
if and only if m = n.
Lemma 7. Let m,n ∈ N with m,n ≥ 3. Then, one has:
(a) km = kn ⇐⇒ Km = Kn or m,n ∈ {3, 4, 6}.
(b) km ⊂ kn ⇐⇒ Km ⊂ Kn or m ∈ {3, 4, 6}.
Proof. For laim (a), let us suppose km = kn =: k rst. Then, Proposition 1 and Corollary 1
imply that [Km : k] = [Kn : k] = 2. Note that Km ∩ Kn = K(m,n) is a ylotomi eld
ontaining k. It follows from Lemma 4 that either Km ∩ Kn = K(m,n) = Km = Kn or
Km ∩ Kn = K(m,n) = k and hene km = kn = k = Q, sine the latter is the only real
ylotomi eld. Now, this implies m,n ∈ {3, 4, 6}; see also Lemma 8(a) below. The other
diretion is obvious. Claim (b) follows immediately from the part (a). 
Lemma 8. Consider φ on {n ∈ N |n 6≡ 2 (mod 4)}. Then, one has:
(a) φ(n)/2 = 1 if and only if n ∈ {3, 4}. These are the rystallographi ases of the plane.
(b) φ(n)/2 ∈ P if and only if n ∈ S := {8, 9, 12} ∪ {2p + 1 | p ∈ PSG}.
Proof. The equivalenes follow from the multipliativity of φ in onjuntion with the identity
φ(pj) = pj−1 (p − 1) for p ∈ P and j ∈ N. 
Remark 9. Let n 6≡ 2 (mod 4). By Corollary 1, kn/Q is a Galois extension with Abelian
Galois group G(kn/Q) of order φ(n)/2. Now, it follows from Lemma 8 that G(kn/Q) is trivial
if and only if n ∈ {1, 3, 4}, and simple if and only if n ∈ S.
Proposition 2. For n ∈ N, one has:
(a) On is the ring of ylotomi integers in Kn, and hene its maximal order.
(b) On is the ring of integers of kn, and hene its maximal order.
Proof. See [41, Theorem 2.6 and Proposition 2.16℄. 
Remark 10. It follows from Proposition 2(a) and Proposition 1 that On is a Z-module of
rank φ(n) with Z-basis {1, ζn, ζ2n, . . . , ζφ(n)−1n }. Likewise, Proposition 2(b) and Corollary 1
imply that On is a Z-module of rank φ(n)/2 with Z-basis {1, (ζn + ζ¯n), (ζn + ζ¯n)2, . . . , (ζn +
ζ¯n)
φ(n)/2−1}.
Denition 5. Let λ be a real algebrai integer.
(a) We all λ a Pisot-Vijayaraghavan number (PV-number) if λ > 1 while all its (algebrai)
onjugates have moduli stritly less than 1.
(b) We all λ a Pisot-Vijayaraghavan unit (PV-unit) if λ is a PV-number and is also a
unit, i.e., if 1/λ is an algebrai integer as well.
Lemma 9. If n ∈ N \ {1, 2}, then there is a PV-number of (full) degree φ(n)/2 in On.
Proof. This follows immediately from [34, Ch. I, Theorem 2℄. 
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Remark 11. For n ∈ N \ {1, 2, 3, 4, 6}, there is even a PV-unit in On. This an be seen
by onsidering a representation of the maximal order On of kn (f. Proposition 2(b)) in
logarithmi spae together with the fat that the units of On form a (full) lattie in the
hyperplane given by
x1 + · · ·+ xφ(n)
2
= 0 ;
see [10, Ch. 2, Setions 3 and 4℄. Clearly, there are points of this lattie with x1 > 0 and
x2, . . . , xφ(n)/2 < 0, and the orresponding α ∈On with respet to this representation are
PV-units. Note that these PV-units in On neessarily have (full) degree φ(n)/2: if one of
them had degree (φ(n)/2)/m, its onjugates (under the eet of the Galois group G(kn/Q),
f. Corollary 1) would ome in sets of m equal onjugates and we ould not have just one
positive x (this is essentially Dirihlet's unit theorem). We refer the reader also to [15, Lemma
8.1.5(b)℄.
Remark 12. Let K/k be an extension of algebrai number elds, say of degree d := [K :
k] ∈ N. The orresponding norm N
K/k : K −→ k is given by
N
K/k(κ) =
d∏
j=1
σj(κ) ,
where the σj are the d distint embeddings of K/k into C/k; ompare [10, Algebrai Supple-
ment, Se.2, Corollary 1℄. In partiular, for every κ ∈ k, one has N
K/k(κ) = κ
d
. Moreover,
the norm is transitive in the following sense. If L is any intermediate eld of K/k above, then
one has
(4) N
K/k = NL/k ◦NK/L .
Lemma 10. Let σ : K −→ K′ be an isomorphism of elds, let E be an algebrai exten-
sion of K, and let L be an algebraially losed extension of K
′
. Then, there exists a eld
homomorphism σ′ : E −→ L whih extends σ.
Proof. See [28, Ch. V.2, Theorem 2.8℄. 
From now on, for n ∈ N, we always let ζn := e2πi/n, a primitive nth root of unity.
3. A Cylotomi Theorem
In this setion, we need the following fats from the theory of p-adi valuations; ompare [22,
27℄.
Let p ∈ P. The p-adi valuation on Z is the funtion vp, dened by vp(0) :=∞ and by the
equation
n = pvp(n)n′
for n 6= 0, where p does not divide n′; that is, vp(n) is the exponent of the biggest power of p
that divides n. The funtion vp is extended to Q by dening
vp
(a
b
)
:= vp(a)− vp(b)
for a, b ∈ Z \ {0}; see [22, p. 23℄. Note that vp is Z-valued on Q \ {0}. As in [22, Ch. 5℄, vp
an further be extended to the algebrai losure Q
alg
p of a eld Qp, whose elements are alled
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p-adi numbers, ontaining Q. Note that Qalgp ontains the algebrai losure Qalg of Q and
hene all algebrai numbers. On Q
alg
p \ {0}, vp takes values in Q, and satises
vp(−x) = vp(x) ,(5)
vp(xy) = vp(x) + vp(y) ,(6)
vp
(x
y
)
= vp(x)− vp(y)(7)
and
vp(x+ y) ≥ min{vp(x), vp(y)} ,(8)
ompare also [22, p. 143℄.
Proposition 3. Let p ∈ P and let r, s, t ∈ N. If r is not a power of p and (r, s) = 1, one has
(9) vp(1− ζsr ) = 0 .
Otherwise, if (p, s) = 1, then
(10) vp(1− ζspt) =
1
pt−1(p − 1) .
Proof. See [17, Proposition 3.6℄. 
Denition 6. Let k,m ∈ N and let p ∈ P. An mth root of unity ζkm is alled a p-power root
of unity if there is a t ∈ N suh that km = spt for some s ∈ N with (p, s) = 1.
Remark 13. Note that an mth root of unity ζkm is a p-power root of unity if and only if it is
a primitive ptth root of unity for some t ∈ N.
Lemma 11. Let k, t ∈ N. Further, let j,m ∈ N with (j,m) = 1 and let p ∈ P. Then, one
has:
(a) ζkm is a primitive p
t
th root of unity if and only if (ζjm)k is a primitive ptth root of unity.
(b) ζkm is a p-power root of unity if and only if (ζ
j
m)k is a p-power root of unity.
Proof. We rst prove laim (a). Assume that
k
m =
s
pt for a suitable s ∈ N with (p, s) = 1. In
partiular, it follows that p|m and, sine (j,m) = 1, one has (p, j) = 1. Hene, jkm = jspt and
(p, js) = 1. Conversely, assume jkm =
s
pt for a suitable s ∈ N with (p, s) = 1. Sine (j,m) = 1,
it follows that j|s, say jl = s for a suitable l ∈ N. Hene, km = lpt and, moreover, (p, l) = 1.
Claim (b) follows immediately from the part (a). 
Lemma 12. Let m,k ∈ N and let p ∈ P. If σ ∈ G(Km/Q), then
vp(1− ζkm) = vp
(
σ(1− ζkm)
)
.
Proof. By Proposition 1, σ is given by ζm 7−→ ζjm, where j ∈ N satises (j,m) = 1. The
assertion follows immediately from Proposition 3 in onjuntion with Lemma 11. 
Remark 14. Note that Lemma 12 is only one instane of the following more general fat. It
is well known that if K is a normal algebrai number eld (i.e., a nite Galois extension of Q)
and if κ ∈ K, then one has vp(κ) = vp(σ(κ)) for every p ∈ P and every σ ∈ G(K/Q); see [10,
Ch. 3, Se. 4, Prob. 7℄ and the parenthetial lause of the sentene following [41, Proposition
2.14℄ in onjuntion with [41, Theorem 2.13℄ and [41, Proposition 2.14℄ itself.
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Denition 7. Let m ≥ 4 be a natural number. We dene
D′m := {(k1, k2, k3, k4) ∈ N4 | k1, k2, k3, k4 ≤ m− 1 and k1 + k2 = k3 + k4} ,
together with its subset
Dm := {(k1, k2, k3, k4) ∈ N4 | k3 < k1 ≤ k2 < k4 ≤ m− 1 and k1 + k2 = k3 + k4} ,
and dene the funtion fm : D
′
m −→ C by
(11) fm
(
(k1, k2, k3, k4)
)
:=
(1− ζk1m )(1− ζk2m )
(1− ζk3m )(1− ζk4m )
.
Lemma 13. Let m ≥ 4. The funtion fm takes only positive values. Moreover, one has
fm(d) > 1 for all d ∈ Dm.
Proof. See the proof of [17, Lemma 3.1℄. 
Corollary 3. Let m ≥ 4 and let d ∈ D′m. Then, one has fm(d) ∈ km.
Proof. By Lemma 13, fm(d) is real. The assertion follows immediately from the fat that
fm(d) ∈ Km and the fat that km is the maximal real subeld of Km. 
For our appliation to disrete tomography, we shall investigate the set
(12)
( ⋃
m≥4
fm[Dm]
)
∩ k
in the ase of arbitrary real algebrai number elds k. Gardner and Gritzmann showed the
following result, whih deals with the smallest among all algebrai number elds, i.e., with
k = Q.
Theorem 1. ( ⋃
m≥4
fm[Dm]
)
∩Q =
{4
3
,
3
2
, 2, 3, 4
}
=: N1 .
Moreover, all solutions of fm(d) = q ∈ Q, where m ≥ 4 and d := (k1, k2, k3, k4) ∈ Dm, are
either given, up to multipliation of m and d by the same fator, by m = 12 and one of the
following
(i) d = (6, 6, 4, 8), q = 43 ; (ii) d = (6, 6, 2, 10), q = 4;
(iii) d = (4, 8, 3, 9), q = 32 ; (iv) d = (4, 8, 2, 10), q = 3;
(v) d = (4, 4, 2, 6), q = 32 ; (vi) d = (8, 8, 6, 10), q =
3
2 ;
(vii) d = (4, 4, 1, 7), q = 3; (viii) d = (8, 8, 5, 11), q = 3;
(ix) d = (3, 9, 2, 10), q = 2; (x) d = (3, 3, 1, 5), q = 2;
(xi) d = (9, 9, 7, 11), q = 2;
or by one of the following
(xii) d = (2k, s, k, k + s), q = 2, where s ≥ 2,m = 2s and 1 ≤ k ≤ s2 ;
(xiii) d = (s, 2k, k, k + s), q = 2, where s ≥ 2,m = 2s and s2 ≤ k < s.
Proof. See [17, Lemma 3.8, Lemma 3.9 and Theorem 3.10℄. 
14 C. HUCK
In this setion, we shall not be able to present full analogues of Theorem 1 in the ase of
the set (12) for real algebrai number elds k 6= Q. (The study of this interesting problem
is work in progress.) Instead, we shall show that the elements of the set (12) satisfy ertain
onditions.
In fat, although we are only interested in the set (12), we shall investigate its superset
(13)
( ⋃
m≥4
fm[D
′
m]
)
∩ k
in the ase of arbitrary real algebrai number elds k. Every (real) algebrai number eld k
dierent from Q has some nite degree e := [k : Q] ≥ 2. In partiular, we shall be interested
in the ase e = 2. In the following, we shall denote ertain degrees by e (resp., f ). We wish to
emphasize that this should not be onfused with their usual usage, i.e., where e denotes the
ramiation index and f denotes the residue lass degree.
Lemma 14. Let m ≥ 4, let p ∈ P, and let d ∈ D′m. If σ ∈ G(Km/Q), then
vp
(
fm(d)
)
= vp
(
σ
(
fm(d)
))
.
Proof. The assertion follows immediately from Lemma 12 and the Equations (6) and (7). 
Lemma 15. Let m ≥ 4 and let d ∈ D′m. Then, for any prime fator p ∈ P of the numerator
of the eld norm N
Q(fm(d))/Q(fm(d)), one has
vp
(
N
Q(fm(d))/Q
(
fm(d)
))
= e vp
(
fm(d)
) ∈ N ,
where e := [Q(fm(d)) : Q] ∈ N is the degree of fm(d) over Q.
Proof. By Corollary 3, one has fm(d) ∈ km ⊂ Km. It follows the inlusion of elds
(14) Q
(
fm(d)
) ⊂ km ⊂ Km .
The norm N
Q(fm(d))/Q : Q
(
fm(d)
) −→ Q of the eld extension Q(fm(d))/Q is given by
N
Q(fm(d))/Q(q) =
e∏
j=1
σj(q)
for q ∈ Q(fm(d)), where {σj | j ∈ {1, . . . , e}} is the Galois group G(Q(fm(d))/Q); see Re-
mark 12 and note that the eld extension Q
(
fm(d)
)
/Q is indeed a Galois extension. The
latter follows immediately from Galois theory, sine, by Proposition 1, the Galois extension
Km/Q has an Abelian Galois group; f. Proposition 1. By Relation (14), Lemma 10, and sine
Km/Q is a Galois extension, eah eld automorphism σj ∈ G
(
Q
(
fm(d)
)
/Q
)
, j ∈ {1, . . . , e},
an be extended to a eld automorphism σ′j ∈ G(Km/Q). It follows that
N
Q(fm(d))/Q
(
fm(d)
)
=
e∏
j=1
σ′j
(
fm(d)
)
.
Using the p-adi valuation vp in onjuntion with Equation (6) and Lemma 14, one gets
vp
(
N
Q(fm(d))/Q
(
fm(d)
))
= e vp
(
fm(d)
) ∈ N ,
whih ompletes the proof. 
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Lemma 16. Let m ≥ 4 and let d ∈ D′m. Then, for any prime fator p ∈ P of the numerator
of N
Q(fm(d))/Q(fm(d)), the expression ζ
kj
m in (11) is a p-power root of unity for at least one
value of j ∈ {1, 2}.
Proof. Let e := [Q(fm(d)) : Q] ∈ N be the degree of fm(d) over Q. By assumption, the
numerator of N
Q(fm(d))/Q(fm(d)) has a prime fator, say p ∈ P. Using Lemma 15, one gets
vp
(
fm(d)
)
= vp
(
(1− ζk1m )(1− ζk2m )
(1− ζk3m )(1− ζk4m )
)
∈ 1
e
N .
The assertion follows immeiately from Equation (6), Equation (7) and Proposition 3. 
The following result is a rather simple one. For onveniene, we inlude a proof.
Lemma 17. Let m ≥ 4 and let d := (k1, k2, k3, k4) ∈ D′m. Then one has the equality of elds
Q(fm(d)) = Q(fm(d
′)) and, moreover,
N
Q(fm(d′))/Q
(
fm(d
′)
)
=
(
N
Q(fm(d))/Q
(
fm(d)
))−1
,
where d′ := (k3, k4, k1, k2) ∈ D′m. In partiular, fm(d) and fm(d′) have the same degree over
Q.
Proof. Clearly, one has d′ := (k3, k4, k1, k2) ∈ D′m. Futher, observing the identity fm(d′) =
1/fm(d) (by Lemma 13, one has fm(d) 6= 0), one sees the equality of the elds Q(fm(d)) =
Q(fm(d
′)). The identity
N
Q(fm(d′))/Q
(
fm(d
′)
)
= N
Q(fm(d))/Q
(
fm(d
′)
)
= N
Q(fm(d))/Q
((
fm(d)
)−1)
=
(
N
Q(fm(d))/Q
(
fm(d)
))−1
ompletes the proof. 
The following denition will be useful.
Denition 8. Let a ∈ N, let S ⊂ R \ {0}, and let α ∈ Z. We set:
(a) a↓ := {ab ∈ Q | b ∈ N with b < a and (a, b) = 1}.
(b) [S]α := {xα |x ∈ S}.
3.1. The Case of Degree Two.
Lemma 18. Let m ≥ 4 and let d := (k1, k2, k3, k4) ∈ D′m. Suppose that fm(d) is of degree two
over Q and suppose that the absolute value of N
Q(fm(d))/Q(fm(d)) is greater than 1. Then,
one has:
N
Q(fm(d))/Q
(
fm(d)
) ∈ ⋃
a∈{2,3,4,5,6,8,9,12,16}
± a↓ =: N .
Proof. By assumption, the numerator of N
Q(fm(d))/Q(fm(d)) has a prime fator p ∈ P. Fur-
ther, by Lemma 15, for every suh prime fator p ∈ P, one has
(15) vp
(
N
Q(fm(d))/Q
(
fm(d)
))
= 2 vp
(
fm(d)
)
= 2 vp
(
(1− ζk1m )(1 − ζk2m )
(1− ζk3m )(1 − ζk4m )
)
∈ N .
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Applying Equations (6) and (7), Proposition 3 and Lemma 16, one sees that vp(fm(d)) is a
sum of at most four terms of the form 1/(pt
′−1(p − 1)) for various t′ ∈ N with one or two
positive terms and at most two negative ones. Let t be the smallest t′ ouring in one of the
positive terms. Then, Relation (15) partiularly shows that
4
pt−1(p − 1) ≥ 1
or, equivalently,
(16) pt−1(p − 1) ≤ 4 .
One an see easily that the only possibilities for (16) are p = 2 and t ∈ {1, 2, 3}, or p = 3 and
t = 1, or p = 5 and t = 1. Moreover, using (15) in onjuntion with Equations (6) and (7)
and Proposition 3, one an see the following. In the rst ase (p = 2 and t ∈ {1, 2, 3}), the
only possibilities for powers of 2 dividing the numerator of N
Q(fm(d))/Q(fm(d)) are 2, 4, 8 and
16, with room for a 3 as well in the ases 2 and 4, i.e., in the ase where the 2-adi value of
N
Q(fm(d))/Q(fm(d)) is 1 or 2. Hene, one obtains NQ(fm(d))/Q(fm(d)) ∈ ∪a∈{2,4,6,8,12,16} ± a↓.
In the seond ase (p = 3 and t = 1), the only possibilities for powers of 3 dividing the
numerator of N
Q(fm(d))/Q(fm(d)) are 3 and 9, with room for a 2 or 4 as well in the ase 3,
i.e., in the ase where the 3-adi value of N
Q(fm(d))/Q(fm(d)) is 1. Consequently, one obtains
N
Q(fm(d))/Q(fm(d)) ∈ ∪a∈{3,6,9,12} ± a↓, whereas the last ase (p = 5 and t = 1) immediately
implies that N
Q(fm(d))/Q(fm(d)) ∈ 5↓. 
Lemma 19. Let m ≥ 4 and let d := (k1, k2, k3, k4) ∈ D′m. Suppose that fm(d) is of degree two
over Q and suppose that the absolute value of N
Q(fm(d))/Q(fm(d)) is smaller than 1. Then,
one has:
N
Q(fm(d))/Q(fm(d)) ∈ [N ]−1 ,
with N as dened in Lemma 18.
Proof. Note that, by Lemma 13, one has fm(d) > 0, whih implies that the absolute value of
N
Q(fm(d))/Q(fm(d)) is non-zero. The assertion now follows immediately from Lemma 17 and
Lemma 18. 
Theorem 2. For any real quadrati algebrai number eld k, one has:
N
k/Q
[( ⋃
m≥4
fm[Dm]
) ∩ k] ⊂ {−1, 1} ∪ [N1]2 ∪N ∪ [N ]−1 =: N2 ,
with N1 as dened in Theorem 1 and N as dened in Lemma 18.
Proof. Let fm(d) ∈ (∪m≥4fm[Dm]) ∩ k for suitable m ≥ 4 and d ∈ Dm. Note that, by
Lemma 13, one has fm(d) > 1 and hene fm(d) 6= 0. First, suppose that fm(d) is of degree
two over Q, i.e., a primitive element of the eld extension k/Q. Sine fm(d) 6= 0, the norm
N
Q(fm(d))/Q(fm(d)) = Nk/Q(fm(d)) is non-zero. Therefore, the absolute value ofNk/Q(fm(d))
is greater than zero. The following is divided into the three possible ases. First, assume that
the absolute value of N
k/Q(fm(d)) is greater than 1. Then, Lemma 18 immediately implies
that N
k/Q(fm(d)) ∈ N . Seondly, suppose that the absolute value of Nk/Q(fm(d)) is smaller
than 1. Then, Lemma 19 immediately implies that N
k/Q(fm(d)) ∈ [N ]−1. Finally, if the
absolute value of N
k/Q(fm(d)) equals 1, one obviously gets Nk/Q(fm(d)) ∈ {1,−1}. Now,
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suppose that fm(d) ∈ Q. Then, by Theorem 1, one has fm(d) ∈ N1 and hene N
k/Q(fm(d)) ∈
[N1]
2
; f. Remark 12. This ompletes the proof. 
3.2. The General Case.
Theorem 3. For any e ∈ N, there is a nite set Ne ⊂ Q suh that, for all real algebrai
number elds k having degree e, one has:
N
k/Q
[( ⋃
m≥4
fm[Dm]
) ∩ k] ⊂ Ne .
Proof. It sues to show the orresponding assertion for the superset D′m of Dm. Let e ∈ N
and let k be a real algebrai number elds k of degree e. Further, let fm(d) ∈ (∪m≥4fm[D′m])∩
k for suitable m ≥ 4 and d ∈ Dm. By Lemma 4, and sine one has
Q ⊂ Q(fm(d)) ⊂ k ,
fm(d) is of degree f := [Q
(
fm(d)
)
: Q] over Q, where f is a divisor of e. By Lemma 13,
one has fm(d) 6= 0. So, the norm N
Q(fm(d))/Q(fm(d)) is non-zero, hene its absolute value
is greater than zero. Suppose that the absolute value of N
Q(fm(d))/Q(fm(d)) is greater than
1. Then, the numerator of N
Q(fm(d))/Q(fm(d)) has a prime fator, say p ∈ P. Further, by
Lemma 15, for every suh prime fator p ∈ P, one has
(17) vp
(
N
Q(fm(d))/Q
(
fm(d)
))
= e vp
(
fm(d)
)
= e vp
(
(1− ζk1m )(1 − ζk2m )
(1− ζk3m )(1 − ζk4m )
)
∈ N .
Applying Equations (6) and (7), Proposition 3 and Lemma 16, one sees that vp(fm(d)) is a
sum of at most four terms of the form 1/(pt
′−1(p − 1)) for various t′ ∈ N with one or two
positive terms and at most two negative ones. Let t be the smallest t′ ouring in one of the
positive terms. Then, Relation (17) partiularly shows that
2 e
pt−1(p − 1) ≥ 1
or, equivalently,
(18) pt−1(p − 1) ≤ 2 e .
Similar to the argumentation in Lemma 18 above, one an now see that, by Relations (17)
and (18) and the obvious fat that
pt−1(p− 1) −→∞
for xed p ∈ P as t −→ ∞ (resp., for xed t ∈ N as P ∋ p −→ ∞), there is a nite set,
say Nf , suh that N
Q(fm(d))/Q(fm(d)) ∈ Nf . Moreover, analogous to the argumentation in
Lemma 19 above, one an see that, if the absolute value of N
Q(fm(d))/Q(fm(d)) is smaller than
one, then one has
N
Q(fm(d))/Q(fm(d)) ∈ [Nf ]−1 ,
whereas the missing ase, where the absolute value of N
Q(fm(d))/Q(fm(d)) equals 1, only gives
N
Q(fm(d))/Q(fm(d)) ∈ {1,−1}. By the transitivity of the norm (f. Remark 12), it follows
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that N
k/Q(fm(d)) ∈
[{1,−1} ∪Nf ∪ [Nf ]−1] ef . Setting
Ne :=
⋃
f |e
[{1,−1} ∪Nf ∪ [Nf ]−1] ef ,
the assertion immediately follows, sine the above analysis only depends on the xed degree
e. 
Denition 9. We denote by Q
P≤2
>1 the subset of Q onsisting of all rational numbers greater
than one, whih have at most two prime fators in the numerator.
Theorem 4. For any real algebrai number eld k, one has:
N
k/Q
[( ⋃
m≥4
fm[Dm]
) ∩ k] ⊂ ±({1} ∪ [QP≤2>1 ]±1) .
Proof. This follows from a areful analysis of the proof of Theorem 3. 
3.3. Appliations. For our later appliation to disrete tomography of aperiodi model sets,
we formulate some orollaries. We shall be interested in appliations of the above results to
real algebrai number elds of the form kn, in partiular for n ∈ {5, 8, 10, 12}, in view of their
pratial relevane; see [40℄.
Remark 15. Note that k10 = k5 = Q(
√
5), k8 = Q(
√
2) and k12 = Q(
√
3). By Corollary 1,
all of these elds are quadrati algebrai number elds.
Corollary 4. For n ∈ {5, 8, 10, 12}, one has:
N
kn/Q
[( ⋃
m≥4
fm[Dm]
) ∩ kn] ⊂ N2 ,
with N2 as dened in Theorem 2.
Proof. This is an immediate onsequene of Theorem 2. 
Denition 10. Let the map φ/2: N \ {1, 2} −→ N be given by n 7−→ φ(n)/2.
Remark 16. Reall that, for n ∈ N\{1, 2}, φ/2(n) is the degree of kn over Q; f. Corollary 1.
Corollary 5. For all e ∈ Im(φ/2), there is a nite set Ne ⊂ Q suh that, for all n ∈
(φ/2)−1[{e}], one has:
N
kn/Q
[( ⋃
m≥4
fm[Dm]
) ∩ kn] ⊂ Ne .
Proof. This is an immediate onsequene of Theorem 3. 
4. Cylotomi Model Sets
In the present paper, we shall study the disrete tomography of a speial lass of planar
model sets, the ylotomi model sets, whih an be desribed in algebrai terms and have an
Eulidean internal spae (dened below).
By denition, model sets arise from so-alled ut and projet shemes, ompare [29℄. Before
we an present the ut and projet sheme from whih ylotomi model sets arise, we need
the following remark. In the following let n ∈ N \ {1, 2} (this means that φ(n) 6= 1).
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Remark 17. The elements of the Galois group G(Kn/Q) ome in pairs of omplex onjugate
automorphisms. Let the set {σ1, . . . , σφ(n)/2} arise from G(Kn/Q) by hoosing exatly one
automorphism from eah suh pair. Here, we always hoose σ1 as the identity rather than the
omplex onjugation. Every suh hoie indues a map
.˜n : On −→ R2 × (R2)φ(n)2 −1 ,
given by
z 7−→
(
z,
(
σ2(z), . . . , σφ(n)
2
(z)
))
.
With the understanding that for φ(n) = 2 (this means n ∈ {3, 4, 6}), the singleton
(R2)φ(n)/2−1 = (R2)0
is the trivial (loally ompat) Abelian group {0}, eah suh hoie indues, via projetion on
the seond fator, a map
.⋆n : On −→ (R2)
φ(n)
2
−1 ,
i.e., a map given by .⋆n ≡ 0, if n ∈ {3, 4, 6}, and by z 7−→ (σ2(z), . . . , σφ(n)/2(z)) oth-
erwise. Then, [On]˜n is a Minkowski representation of the maximal order On of Kn; f.
Proposition 2(a) and see [10, Ch. 2, Se. 3℄. It follows that [On]˜n is a (full) lattie in
R
2 × (R2)φ(n)/2−1, meaning that it is a o-ompat disrete subgroup of the Abelian group
R
2 × (R2)φ(n)/2−1 (the quotient group is a φ(n)-dimensional torus). Here, this is equivalent
to the existene of φ(n) R-linearly independent vetors in R2 × (R2)φ(n)/2−1 whose Z-linear
hull equals [On]˜n , ompare [10, Ch. 2, Se. 3 and 4℄. In fat, the set{
1˜n , (ζn)˜n , . . . , (ζφ(n)−1n )˜n}
has this property; f. Proposition 2 and Remark 10. Further, note that the image [On]⋆n is
dense in (R2)φ(n)/2−1; see [4, Setion 3.2℄.
The lass of ylotomi model sets arises from ut and projet shemes of the following
form. Consider the following diagram (ut and projet sheme), where we follow Moody [29℄,
modied in the spirit of the algebrai setting of Pleasants [31℄.
(19)
π π
int
R
2 ←− R2 × (R2)φ(n)2 −1 −→ (R2)φ(n)2 −1
∪ dense ∪ lattie ∪ dense
11
On ←→ [On]˜n −→ [On]⋆n
As desribed above, one has
[On]˜n = {(z, (σ2(z), . . . , σφ(n)
2
(z)
)
︸ ︷︷ ︸
=z⋆n
) ∣∣∣ z ∈ On} .
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Denition 11. Let n ∈ N \ {1, 2}. Given any subset W ⊂ (R2)φ(n)/2−1 with ∅ 6= W ◦ ⊂
W ⊂W ◦ and W ◦ ompat, a so-alled window, and any t ∈ R2, we obtain a planar model set
Λn(t,W ) := t+ Λn(W )
relative to any hoie of the set {σj | j ∈ {2, . . . , φ(n)/2}} as desribed above by setting
Λn(W ) := {z ∈ On | z⋆n ∈W} .
Further, R
2
(resp., (R2)φ(n)/2−1) is alled the physial (resp., internal) spae, the window W
is referred to as the window of Λn(t,W ) and the map .
⋆n
is the so-alled star map. Moreover,
the dimension c of the internal spae of Λn(t,W ) ∈ M(On), i.e., c = φ(n) − 2, is alled the
o-dimension of Λn(t,W ). We set
M(On) :=
{
Λn(t,W )
∣∣∣ t ∈ R2,W ⊂ (R2)φ(n)2 −1 is a window} .
Then, the lass CM of ylotomi model sets is dened as
CM :=
⋃
n∈N\{1,2}
M(On) .
Remark 18. We refer the reader to [29, 31℄ for details and related general settings, and
to [9℄ for general bakground. Note that the star map is a homomorphism of Abelian groups.
Further, the o-dimension of a ylotomi model set is always an even number. Moreover, it
is zero if and only if n ∈ {3, 4, 6}. In the following, we present some properties of ylotomi
model sets. Setting Λ := Λn(t,W ) ⊂ R2, one has that Λ is a Delone set in R2 (i.e., Λ is both
uniformly disrete and relatively dense) and has nite loal omplexity (i.e., Λ − Λ is losed
and disrete). In fat, Λ is even a Meyer set (i.e., Λ is a Delone set and Λ − Λ is uniformly
disrete); ompare [29℄.
Further, Λ is an aperiodi ylotomi model set (i.e., Λ has no translational symmetries) if
and only if the star map is a monomorphism (i.e., if it is injetive). In fat, the kernel of the
star map is the group of translation symmetries of Λ; ompare [29℄ again. It follows that Λ is
aperiodi if and only if n /∈ {3, 4, 6}, i.e., the translates of the square (resp., triangular) lattie
are the only ylotomi model sets with translation symmetries.
Moreover, if Λ is regular (i.e., if the boundary ∂W has Lebesgue measure 0 in (R2)φ(n)/2−1),
Λ is pure point dirative (f. [36℄); if Λ is generi (i.e., if [On]⋆n ∩ ∂W = ∅), Λ is repetitive;
see [36℄. If Λ is regular, the frequeny of repetition of nite pathes is well dened (f. [35℄)
and, moreover, if Λ, for a given n, is both generi and regular, and, if the window W has
m-fold yli symmetry with m a divisor of N(n) (N(n) is the funtion from (1)) and all
in a suitable representation of the yli group Cm of order m, then Λ has m-fold yli
symmetry in the sense of symmetries of LI-lasses, meaning that a disrete struture has a
ertain symmetry if the original and the transformed struture are loally indistinguishable
(LI); see [2℄ for details. Although not all of these properties are used below, they atually
show the similarity of aperiodi model sets with latties  exept their lak of periods.
Denition 12. Let n ∈ N \ {1, 2, 3, 4, 6}, let λ ∈On, and let On −→ [On]˜n be a xed
Minkowski embedding of On. Further, let .⋆n be the indued star map; see Remark 17.
(a) m(n)λ denotes the Z-module endomorphism of On, given by z 7−→ λz.
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(b) (m(n)λ )˜n denotes the Z-module (lattie) endomorphism of [On]˜n , given by
(z, z⋆n) 7−→ (λz, (λz)⋆n ) .
() (m(n)λ )
⋆n
denotes the Z-module endomorphism of [On]⋆n , given by
z⋆n 7−→ (λz)⋆n .
Remark 19. Note that, for n /∈ {3, 4, 6}, every star map .⋆n is a Z-module monomorphism; f.
Remark 18. Let n ∈ N \ {1, 2, 3, 4, 6}, let λ ∈On (resp., λ ∈O×n ), and let .˜n : On −→ [On]˜n
be a xed Minkowski embedding of On. Further, let .⋆n be the indued star map. Then,
the Z-module endomorphism (resp., automorphism) m(n)λ of On orresponds via the hosen
Minkowski embedding of On to the Z-module (lattie) endomorphism (resp., automorphism)
(m(n)λ )˜n of [On]˜n . Further, m(n)λ orresponds via the Z-module automorphism .⋆n : On −→
[On]⋆n , given by the star map, to the Z-module endomorphism (resp., automorphism) (m(n)λ )⋆n
of [On]⋆n .
Denition 13. For n ∈ N \ {1, 2, 3, 4, 6}, we denote by ‖ · ‖∞ the maximum norm on
(R2)
φ(n)/2−1
with respet to the Eulidean norm on all fators R
2
.
Lemma 20. Let n ∈ N\{1, 2, 3, 4, 6}, let .˜n : On −→ [On]˜n be a xed Minkowski embedding
of On, and let .⋆n be the indued star map. Then, for any PV-number λ of (full) degree φ(n)/2
in On, the Z-module endomorphism (m
(n)
λ )
⋆n
is ontrative, i.e., there is a ξ ∈ (0, 1) suh that
the inequality
‖(m(n)λ )⋆n(z⋆n)‖∞ ≤ ξ ‖z⋆n‖∞
holds for all z ∈ On.
Proof. Sine λ is an algebrai integer of full degree, the set {σ1(λ), . . . , σφ(n)/2(λ)} equals
the set of (algebrai) onjugates of λ. To see this, note that the set of (o-)restritions
{σ1|kn
kn
, . . . , σφ(n)/2|kn
kn
} equals the Galois group G(kn/Q); ompare Corollary 1. Sine λ is a
PV-number, the last observation shows that
ξ := max
{|σj(λ)| ∣∣ j ∈ {2, . . . , φ(n)/2} } ∈ (0, 1) .
The assertion follows. 
The following result will play a key role.
Lemma 21. Let n ∈ N \ {1, 2} and let Λn(t,W ) ∈ M(On) be a ylotomi model set. Then,
for any nite set F ⊂ t +Kn, there is a homothety h : C −→ C suh that h[F ] ⊂ Λn(t,W ).
In partiular, if t = 0 and 0 ∈ W ◦, there is even a dilatation d : C −→ C suh that
d[F ] ⊂ Λn(0,W ).
Proof. Without loss of generality, we may assume that F is non-empty. We onsider the Q-
oordinates of the elements of F − t with respet to the Q-basis {1, ζn, ζ2n, . . . , ζφ(n)−1n } of Kn
(f. Proposition 1) and let l ∈ N be the least ommon multiple of all their denominators.
Then, by Remark 10, we get l(F − t) ⊂ On. If n ∈ {3, 4, 6}, we are done by dening the
homothety h : C −→ C by
z 7−→ lz + (−lt+ t) .
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Seondly, suppose that n /∈ {3, 4, 6}. Let .⋆n be the star map that is used in the onstrution
of Λn(t,W ). From W
◦ 6= ∅ and the denseness of [On]⋆n in (R2)φ(n)/2−1, there follows the
existene of a suitable z0 ∈ On with z0⋆n ∈ W ◦. Consider the open neighbourhood
V := W ◦ − z0⋆n
of 0 in (R2)
φ(n)
2
−1
. Next, we hoose a PV-number λ of degree φ(n)/2 in On; see Lemma 9.
Consider the Z-module endomorphism (m(n)λ )
⋆n : [On]⋆n −→ [On]⋆n , as dened in Deni-
tion 12(). Sine λ is a PV-number, Lemma 20 shows that (m(n)λ )
⋆n
is ontrative (in the
sense whih was made preise in that lemma). Sine all norms on (R2)
φ(n)/2−1
are equivalent,
it follows the existene of a suitable k ∈ N suh that(
(m(n)λ )
⋆n
)k[
[l(F − t)]⋆n] ⊂ V .
It follows that
{
(λkz + z0)
⋆n | z ∈ l(F − t)} ⊂ W ◦ and further that h[F ] ⊂ Λn(t,W ), where
h : C −→ C is the homothety given by
z 7−→ (lλk)z + (z0 − (lλk)t+ t) .
The additional statement follows immediately from the foregoing proof in onnetion with the
trivial observation that 0 ∈ On maps, under the star map .⋆n , to 0 ∈ (R2)φ(n)/2−1. 
Remark 20. As the general struture shows, the restrition in Lemma 21 to ylotomi
model sets is by no means neessary. In fat, the related general algebrai setting of [31℄ an
be used to extend this result also to higher dimensions. There, the role of the PV-numbers (or
PV-units) will be taken by suitable hyperboli lattie endomorphisms (or automorphisms).
We shall also need the following result from Weyl's theory of uniform distribution, whih is
onerned with an analytial aspet of regular ylotomi model sets.
Theorem 5 (Weyl). Let n ∈ N \ {1, 2, 3, 4, 6} and let Λ := Λn(t,W ) ∈ M(On) be a regular
(aperiodi) ylotomi model set, say onstruted by use of the star map .⋆n . Then, for all
a ∈ R2, one has the identity
lim
R→∞
1
card(Λ ∩BR(a))
∑
x∈Λ∩BR(a)
x⋆n =
1
vol(W )
∫
W
y dλ(y) ,
where λ denotes the Lebesgue measure on (R2)
φ(n)
2
−1
.
Proof. This follows from the multi-dimensional version of [29, Theorem 3℄. 
5. Affinely Regular Polygons in Cylotomi Model Sets
5.1. Anely Regular Polygons in Rings of Cylotomi Integers. Gardner and Gritz-
mann [17, Theorem 4.1℄ have shown that there is an anely regular m-gon in the square
lattie Z
2 = Z[ζ4] = O4 if and only if m ∈ {3, 4, 6}. We start o with a generalization.
Theorem 6. Let m,n ∈ N with m,n ≥ 3. The following statements are equivalent:
(i) There is an anely regular m-gon in On.
(ii) km ⊂ kn.
(iii) m ∈ {3, 4, 6}, or Km ⊂ Kn.
(iv) m ∈ {3, 4, 6}, or m|n, or m = 2d with d an odd divisor of n.
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(v) m ∈ {3, 4, 6}, or Om ⊂ On.
(vi) Om ⊂On.
Proof. For (i) ⇒ (ii), let P be an anely regular m-gon in On. There is then a non-singular
ane transformation ψ : C −→ C with ψ[Rm] = P , where Rm is the regular m-gon with
verties given in omplex form by 1, ζm, . . . , ζ
m−1
m . Ifm ∈ {3, 4, 6}, ondition (ii) holds trivially.
Suppose 6 6= m ≥ 5. The pairs {1, ζm}, {ζ−1m , ζ2m} lie on parallel lines and so do their images
under ψ. Therefore,
‖ζ2m − ζ−1m ‖
‖ζm − 1‖ =
‖ψ(ζ2m)− ψ(ζ−1m )‖
‖ψ(ζm)− ψ(1)‖ .
Moreover, we get the relation
(1 + ζm + ζ¯m)
2 = (1 + ζm + ζ
−1
m )
2 =
‖ζ2m − ζ−1m ‖2
‖ζm − 1‖2 =
‖ψ(ζ2m)− ψ(ζ−1m )‖2
‖ψ(ζm)− ψ(1)‖2 ∈ kn .
The pairs {ζ−1m , ζm}, {ζ−2m , ζ2m} also lie on parallel lines. An argument similar to that above
yields
(ζm + ζ¯m)
2 = (ζm + ζ
−1
m )
2 =
‖ζ2m − ζ−2m ‖2
‖ζm − ζ−1m ‖2
∈ kn .
By subtrating these equations, we get
2(ζm + ζ¯m) + 1 ∈ kn ,
and hene ζm + ζ¯m ∈ kn, the latter being equivalent to the inlusion of the elds km ⊂ kn.
As an immediate onsequene of Lemma 7(b), we get (ii) ⇒ (iii). Conditions (iii) and (iv)
are equivalent by Lemma 6, and (iii) ⇒ (v) ⇒ (vi) follows from Proposition 2.
For (vi) ⇒ (i), let Rm again be the regular m-gon as dened in the step (i) ⇒ (ii). Sine
m,n ≥ 3, the sets {1, ζm} and {1, ζn} are R-bases of C. Hene, we an dene an R-linear map
Lnm : C −→ C as the linear extension of 1 7−→ 1 and ζm 7−→ ζn. Obviously, Lnm is non-singular.
Then, using Om ⊂On, one an see, by means of Lemma 3(a), that the verties of Lnm[Rm], i.e.,
Lnm(1), L
n
m(ζm), . . . , L
n
m(ζ
m−1
m ), lie in On (in fat, Lnm maps the whole Om-module Om into
the On-module On), whene Lnm[Rm] is a polygon in On. This shows that there is an anely
regular m-gon in On. 
Remark 21. Alternatively, there is the following diret argument for (v)⇒ (i) in Theorem 6.
If m ∈ {3, 4, 6}, then Lnm[Rm] from the proof of (vi) ⇒ (i) above is an anely regular m-gon
in On. Otherwise, one an simply hoose the regular m-gon Rm (formed by the mth roots of
unity) itself.
Although the equivalene (i) ⇔ (iv) in Theorem 6 is a satisfatory haraterization, the
following orollary deals with the two ases where ondition (ii) an be used more eetively.
Corollary 6. Let m ∈ N with m ≥ 3. Consider φ on {n ∈ N |n 6≡ 2 (mod 4)}. Then, one
has:
(a) If φ(n)/2 = 1 (i.e., n ∈ {3, 4}; see Lemma 8(a)), there is an anely regular m-gon
in On if and only if m ∈ {3, 4, 6}, i.e., the anely regular polygons in On in this ase
are exatly the anely regular triangles, parallelograms and hexagons.
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(b) If φ(n)/2 ∈ P (i.e., n ∈ S; see Lemma 8(b)), there is an anely regular m-gon in On
if and only if {
m ∈ {3, 4, 6, n}, if n = 8 or n = 12,
m ∈ {3, 4, 6, n, 2n}, otherwise.
Proof. If φ(n)/2 = 1, ondition (ii) of Theorem 6 speializes to km = Q. This is equivalent
to φ(m) = 2 by Corollary 1, whih means m ∈ {3, 4, 6}. This proves the part (a).
If φ(n)/2 ∈ P, we have [kn : Q] = φ(n)/2 ∈ P. Hene, we get, by means of ondition (ii) of
Theorem 6 and Lemma 4, either km = Q or km = kn. The former ase implies m ∈ {3, 4, 6}
as in the proof of the part (a), while the proof follows from Lemma 7(a) in onjuntion with
Corollary 2 in the latter ase. 
5.2. Appliation to Cylotomi Model Sets.
Corollary 7. Let m ∈ N with m ≥ 3. Further, let n ∈ N \ {1, 2} and let Λn(t,W ) ∈ M(On)
be a ylotomi model set. The following statements are equivalent:
(i) There is an anely regular m-gon in Λn(t,W ).
(ii) km ⊂ kn.
(iii) m ∈ {3, 4, 6}, or Km ⊂ Kn.
(iv) m ∈ {3, 4, 6}, or m|n, or m = 2d with d an odd divisor of n.
(v) m ∈ {3, 4, 6}, or Om ⊂ On.
(vi) Om ⊂On.
Proof. The assertion is a onsequene of Theorem 6 and Lemma 21, sine homotheties are
non-singular ane transformations. 
Similarly, we employ Corollary 6(b) to obtain
Corollary 8. Let m ∈ N with m ≥ 3. Further, let n ∈ S and Λn(t,W ) ∈ M(On) be a
(aperiodi) ylotomi model set. Then, there is an anely regular m-gon in Λn(t,W ) if and
only if {
m ∈ {3, 4, 6, n}, if n = 8 or n = 12,
m ∈ {3, 4, 6, n, 2n}, otherwise. 
5.3. Examples and Comments. In the following, let Rm and L
n
m[Rm] be as in Remark 21.
The rst two examples are of the form Λn(0,W ) ∈ M(On) for n ∈ {3, 4} and hene, nees-
sarily, W = {0}.
(SQ) The planar generi regular periodi ylotomi model set with 4-fold yli symme-
try assoiated with the well-known square tiling is the square lattie, whih an be
desribed in algebrai terms as Λ
SQ
:= Λ4(0,W ) = Z[i] = O4. By Corollary 6(a),
there is an anely regular m-gon in O4 if and only if m ∈ {3, 4, 6}. Moreover, Re-
mark 21 shows that the anely regular 3-, 4- and 6-gons L43[R3], L
4
4[R4] and L
4
6[R6]
are polygons in O4; see Figure 1.
(TRI) The planar generi regular periodi ylotomi model set with 6-fold yli symmetry
assoiated with the well-known triangle tiling is the triangle lattie (also ommonly
known as the hexagonal lattie), whih an be desribed in algebrai terms as Λ
TRI
:=
Λ3(0,W ) = O3. By Corollary 6(a), there is an anely regular m-gon in O3 if and
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Figure 1. On the left, a entral path of the square tiling with vertex set Λ
SQ
with L44[R4] and translates of L
4
3[R3] and L
4
6[R6] as desribed in example (SQ)
is shown. On the right, a entral path of the triangular tiling with vertex set
Λ
TRI
with L33[R3] and translates of L
3
4[R4] and L
3
6[R6] as desribed in example
(TRI) is shown.
only if m ∈ {3, 4, 6}. Moreover, Remark 21 shows that the anely regular 3-, 4- and
6-gons L33[R3], L
3
4[R4] and L
3
6[R6] are polygons in O3; see Figure 1.
All further examples below are aperiodi ylotomi model sets of the form Λn(0,W ) ∈
M(On) for suitable n ∈ S and satisfy 0 ∈ W ◦. An analysis of the proof of Lemma 21 in
onnetion with Corollary 8 and Remark 21 shows the existene of an expansive dilatation
d : C −→ C, given by multipliation by a suitable non-negative integral power of a PV-number
of On, suh that d[Lnm[Rm]] ⊂ Λn(0,W ), if m ∈ {3, 4, 6} (respetively, d[Rm] ⊂ Λn(0,W ),
otherwise), with n,m in aordane with the statement of Corollary 8. Let us demonstrate
this in some more detail.
(AB) The planar generi regular aperiodi ylotomi model set with 8-fold yli symmetry
assoiated with the well-known Ammann-Beenker tiling [1, 6, 21℄ an be desribed in
algebrai terms as
Λ
AB
:= {z ∈ O8 | z⋆8 ∈ O} ,
where the star map .⋆8 is the Galois automorphism (f. Proposition 1) in G(K8/Q),
dened by ζ8 7−→ ζ38 , and the window O is the regular otagon entred at the origin,
with verties in the diretions that arise from the 8th roots of unity by a rotation
through π/8, and of unit edge length. This onstrution also gives a tiling with squares
and rhombi, both having edge length 1; see Figure 2.
By Corollary 8, there is an anely regular m-gon in Λ
AB
if and only if m ∈
{3, 4, 6, 8}. See Figure 2 for all assertions below. The anely regular 3-, 4- and
8-gons L83[R3], L
8
4[R4] and R8 are polygons in ΛAB. For an anely regular 6-gon with
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Figure 2. A entral path of the eightfold symmetri Ammann-Beenker tiling
with vertex set ΛAB. In the tiling, the anely regular 6-gon as desribed in
example (AB) is shown, the other solutions being rather obvious.
its verties in Λ
AB
, onsider the expansive dilatation of L86[R6], whih is given by mul-
tipliation by the PV-unit 1+
√
2 in O8 (the fundamental unit in O8), i.e., the onvex
6-gon with verties 1 +
√
2, (1 +
√
2)ζ8, (1 +
√
2)(−1 + ζ8), −(1 +
√
2), −(1 +√2)ζ8,
(1+
√
2)(1−ζ8). Here, also the PV-number 2+
√
2 of (full) degree 2 would be suitable.
(TTT) The planar regular aperiodi ylotomi model set with 10-fold yli symmetry as-
soiated with the Tübingen triangle tiling [7, 8℄ an be desribed in algebrai terms
as
Λu
TTT
:= {z ∈ O5 | z⋆5 ∈ u+W} ,
where the star map .⋆5 is the Galois automorphism (f. Proposition 1) in G(K5/Q),
dened by ζ5 7−→ ζ25 , and the window W is the regular deagon entred at the origin,
with verties in the diretions that arise from the 10th roots of unity by a rotation
through π/10, and of edge length τ/
√
τ + 2, where τ denotes the golden ratio, i.e.,
τ = (1 +
√
5)/2. Furthermore, u is an element of R2. Λ0
TTT
is not generi, while
generi examples are obtained by shifting the window, i.e., Λu
TTT
is generi for almost
all u ∈ R2. Generi Λu
TTT
always give a triangle tiling with long (short) edges of
length 1 (1/τ). See Figure 3 for a generi example whih we all Λ
TTT
; dierent
generi hoies of u result in loally indistinguishable Tübingen triangle tilings.
Now, again by Corollary 8, there is an anely regular m-gon in Λ
TTT
if and only
if m ∈ {3, 4, 5, 6, 10}. See Figure 3 for all assertions below. The anely regular 4-,
5- and 10-gons L54[R4], R5 and R10 are polygons in ΛTTT. For an anely regular
polygon in Λ
TTT
with 3 verties, onsider the expansive dilatation of L53[R3], whih is
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Figure 3. A entral path of the tenfold symmetri Tübingen triangle tiling.
Therein, the anely regular 6-gon as desribed in example (TTT) is marked,
the other solutions being rather obvious.
given by multipliation by the PV-unit τ2 in O5, i.e., the onvex 3-gon with verties
τ2, τ2ζ5, τ
2(−1−ζ5). Note the identity τ2 = 2+ 1τ . Note further that also the PV-unit
1 + 1τ = τ would be suitable. For an anely regular polygon in ΛTTT with 6 verties,
onsider the expansive dilatation of L56[R6], whih is again given by multipliation
with the PV-unit τ2 = 2 + 1/τ in O5, i.e., the onvex 6-gon with verties τ2, τ2ζ5,
τ2(−1 + ζ5), −τ2, −τ2ζ5, τ2(1 − ζ5). Again, also the PV-unit 1 + 1/τ = τ would be
suitable.
(S) The planar regular aperiodi ylotomi model set with 12-fold yli symmetry asso-
iated with the shield tiling [21℄ an be desribed in algebrai terms as
Λu
S
:= {z ∈ O12 | z⋆12 ∈ u+W} ,
where the star map .⋆12 is the Galois automorphism (f. Proposition 1) in G(K12/Q),
dened by ζ12 7−→ ζ512, and the window W is the regular dodeagon entred at the
origin, with verties in the diretions that arise from the 12th roots of unity by a
rotation through π/12, and of edge length 1. Again, u is an element of R2. Λ0
S
is
not generi, while generi examples are obtained by shifting the window, i.e., Λu
S
is
generi for almost all u ∈ R2. The shortest distane between points in a generi Λu
S
is
(
√
3− 1)/√2. Joining suh points by edges results in a shield tiling, i.e., a tiling with
triangles, squares and so-alled shields as tiles, all having edge length (
√
3 − 1)/√2.
See Figure 4 for a generi example whih we all Λ
S
; dierent generi hoies of u
result in loally indistinguishable shield tilings.
One more, by Corollary 8, there is an anely regularm-gon in Λ
S
if and only ifm ∈
{3, 4, 6, 12}. See Figure 4 for all assertions below. It is immediate that L123 [R3], L124 [R4]
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Figure 4. A entral path of the twelvefold symmetri shield tiling. Therein,
one of the anely regular 6-gons as desribed in example (S) is shown, the
other solutions being rather obvious.
and R12 are polygons in ΛS. For an anely regular polygon in ΛS with 6 verties,
onsider the expansive dilatation of L126 [R6] whih is given by multipliation with
the PV-number 1 +
√
3 of (full) degree 2 in O12, i.e., the onvex 6-gon with verties
1+
√
3, (1+
√
3)ζ12, (1+
√
3)(−1+ ζ12), −(1+
√
3), −(1+√3)ζ12, (1+
√
3)(1− ζ12).
Alternatively, simply onsider the anely regular polygon R6 in ΛS.
6. U-Polygons in Cylotomi Model Sets
Denition 14. Let (t1, t2, t3, t4) be an ordered tuple of four distint elements of R ∪ {∞}.
Then, its ross ratio (t1, t2; t3, t4) is dened by
(t1, t2; t3, t4) :=
(t3 − t1)(t4 − t2)
(t3 − t2)(t4 − t1) ,
with the usual onventions if one of the ti equals ∞, so (t1, t2; t3, t4) ∈ R.
Denition 15. Let z ∈ R2 \ {0}, say z = (xz, yz)T , and let u ∈ S1 be a diretion.
(a) We denote by sz the slope of z, i.e., sz = yz/xz ∈ R ∪ {∞}.
(b) We denote by uz the diretion z/‖z‖ ∈ S1.
() The angle between u and the positive real axis is understood to be the unique angle
θ ∈ [0, π) having the property that a rotation of 1 ∈ C by θ in ounter-lokwise order
is a diretion parallel to u.
(d) For n ∈ N \{1, 2}, we denote by Un4,Q the olletion of all sets U ⊂ S1 of four or more
pairwise non-parallel On-diretions having the property that the ross ratio of slopes
of any four diretions of U (arranged in arbitrary order) is an element of Q.
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Lemma 22. Let u ∈ S1 be an On-diretion. Then, one has su ∈ k[n,4] ∪ {∞}.
Proof. Let u ∈ S1 be an On-diretion, say parallel to o ∈ On \ {0}. Then, one has
(20) su = so =
o−o¯
2i
o+o¯
2
= −i o− o¯
o+ o¯
∈ (Q(ζn, i) ∩R) ∪ {∞} ,
beause o¯ ∈ On \{0}. The assertion follows from the equality Q(ζn, i) = Q(ζn, ζ4) = KnK4 =
K[n,4] , whih implies that Q(ζn, i) ∩ R = k[n,4], sine k[n,4] is the maximal real subeld of
K[n,4]. 
In view of Lemma 22, it is lear that the ross ratio of slopes of four pairwise non-parallel
On-diretions is an element of the algebrai number eld k[n,4]. Astonishingly, one even has
the following result.
Lemma 23. The ross ratio of slopes of four pairwise non-parallel On-diretions is an element
of the real algebrai number eld kn.
Proof. One an easily see from Equation (20) that, in the ross ratio of slopes of four pairwise
non-parallel On-diretions, the appearing terms of the form −i an be anelled out (even if
one of the slopes equals ∞), hene the ross ratio is an element of Q(ζn) ∩R = kn. 
For n ∈ {3, 4, 6}, the restrition imposed by the denition of the set Un4,Q is always fullled.
Lemma 24. If n ∈ {3, 4, 6}, then Un4,Q is preisely the set of all sets U ⊂ S1 of four or more
pairwise non-parallel On-diretions.
Proof. Observing that one has kn = Q for n ∈ {3, 4, 6}, the assertion follows immediately
from Lemma 23. 
Lemma 25. Let n ∈ N \ {1, 2} and let Λn(t,W ) ∈ M(On) be a ylotomi model set. Then,
one has:
(a) The set of On-diretions is preisely the set of Λn(t,W )-diretions.
(b) The set of 1-dimensional On-subspaes is preisely the set of 1-dimensional Λn(t,W )-
subspaes.
Proof. Let us start with (a). Sine one has Λn(t,W ) − Λn(t,W ) ⊂ On, every Λn(t,W )-
diretion is an On-diretion. For the onverse, let u ∈ S1 be an On-diretion, say parallel to
o ∈ On \{0}. By Lemma 21, there is a homothety h : C −→ C suh that h[{0, o}] ⊂ Λn(t,W ).
It follows that h(o) − h(0) ∈ (Λn(t,W ) − Λn(t,W )) \ {0}. Sine h(o) − h(0) is parallel to o,
the assertion follows. Part (b) follows from similar arguments. 
Remark 22. Lemma 25 shows that the notion of On-diretions in the ontext of ylotomi
model sets is a natural extension of the notion of lattie diretions (i.e., Z
d
-diretions, d ≥ 2)
in [17℄.
The following standard result is usually stated in the framework of projetive geometry;
ompare [11, Ch. XI, in partiular, Corollary 96.11℄. For onveniene, we give a reformulation
and also inlude a proof.
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Lemma 26. Let zj ∈ R2, j ∈ {1, . . . , 4}, be four pairwise non-parallel elements of the Eu-
lidean plane with slopes szj ∈ R ∪ {∞}. Furthermore, let ψ be a non-singular linear trans-
formation of the plane. Then, one has
(sz1 , sz2 ; sz3 , sz4) = (sψ(z1), sψ(z2); sψ(z3), sψ(z4)) .
Proof. Let zj = (xj , yj)
T
, j ∈ {1, . . . , 4}. Then, one has
(21) (sz1 , sz2 ; sz3 , sz4) =
( y3x3 −
y1
x1
)( y4x4 −
y2
x2
)
( y3x3 −
y2
x2
)( y4x4 −
y1
x1
)
=
det ( x1 x3y1 y3 ) det (
x2 x4
y2 y4 )
det ( x2 x3y2 y3 ) det (
x1 x4
y1 y4 )
.
The map ψ : R2 −→ R2 is given by z 7−→ Az, where A is a real 2 × 2 matrix with non-zero
determinant. The assertion follows immediately from Equation (21) in onjuntion with the
multipliation theorem for determinants. 
Remark 23. Let zj ∈ O4 = Z2, j ∈ {1, . . . , 4}, be four pairwise non-parallel elements of
the square lattie. Clearly, the ross ratio (sz1 , sz2 ; sz3 , sz4) is a rational number, say q. Let
n ∈ N \ {1, 2} and onsider the non-singular linear transformation Ln4 of the Eulidean plane
as dened in the proof of Theorem 6 (proof of diretion (vi) ⇒ (i)). By Lemma 26, one has
q = (sLn4 (z1), sLn4 (z2); sLn4 (z3), sLn4 (z4)) .
Hene, sine Ln4 maps Z
2
into On (see the proof of Theorem 6 ((vi) ⇒ (i)) or Lemma 3(a)),
we see that Un4,Q from Denition 15(d) is not empty. In fat, one has
V :=
{
uLn4 (zj)
∣∣∣ j ∈ {1, . . . , 4}} ∈ Un4,Q .
We shall make use of Ln4 in onjuntion with Lemma 21 in order to transfer results obtained
by Gardner and Gritzmann [17℄ for the square lattie to the lass of ylotomi model sets.
The following result was proved using Darboux's theorem [13℄ on midpoint polygons; see [20℄
or [16, Ch. 1℄ and ompare [18, Lemma 4.3.6℄.
Proposition 4. If U ⊂ S1 is a nite set of diretions, there exists a U -polygon if and only if
there is an anely regular polygon suh that eah diretion of U is parallel to one of its edges.
Proof. See [17, Proposition 4.2℄. 
Remark 24. Note that a U -polygon need not be anely regular, even if it is a U -polygon in
a ylotomi model set.
Example 1. Consider Λn(t,W ) ∈M(On), where n ∈ {3, 4, 5, 8, 12}. Thereby, our standard
examples Λ
SQ
, Λ
TRI
, Λ
TTT
, Λ
AB
and Λ
S
as introdued in Setion 5.3 are inluded. If n ∈
{3, 4, 5, 8}, let U onsist of the six pairwise non-parallel On-diretions u1, u2+ζn , u1+ζn , u1+2ζn ,
uζn and u−1+ζn . Let P be the non-degenerate onvex dodeagon with verties at 3 + ζn,
3+2ζn, 2+3ζn, 1+3ζn, −1+2ζn, −2+ ζn, and the reetions of these points in the origin 0;
ompare [17, Example 4.3 and Figure 1℄ and see Remark 23. Then, one easily veries that P
is a U -polygon in On. By Lemma 21, there is a homothety h : C −→ C suh that P ′ := h[P ]
is a polygon in Λn(t,W ). Sine P
′
is a U -polygon (see Lemma 2(a)), P ′ is a U -polygon in
Λn(t,W ). However, by Corollary 6(a) and Corollary 8, P
′
is not anely regular. If n = 12, let
U onsist of the four pairwise non-parallel O12-diretions u1−ζ12 , u1, u1+ζ12 and uζ12 . Let P be
the non-degenerate onvex otagon with verties at 1, ζ12, −1 + ζ12, −2, −2− ζ12, −1− 2ζ12,
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−2ζ12 and 1 − ζ12; ompare [24, Ch. 4, Figure 4.3℄ and see Remark 23. Then, one easily
veries that P is a U -polygon in O12. By Lemma 21, there is a homothety h : C −→ C suh
that P ′ := h[P ] is a polygon in Λ12(t,W ). Sine P ′ is a U -polygon (see Lemma 2(a)), P ′ is a
U -polygon in Λ12(t,W ). However, by Corollary 8, P
′
is not anely regular.
The proof of the following result is a modied version of that of [17, Lemma 4.4℄; ompare
Remark 23.
Lemma 27. Let n ∈ N \ {1, 2} and let Λn(t,W ) ∈ M(On) be a ylotomi model set. If
U ⊂ S1 is any set of three or fewer pairwise non-parallel On-diretions, then there exists a
U -polygon in Λn(t,W ).
Proof. We begin with the ase card(U) = 3. For i ∈ {1, 2, 3}, let αi, βi ∈On so that αi+βiζn ∈
On, i ∈ {1, 2, 3}, are parallel to the diretions of U ; f. Lemma 3(a). Without loss of generality,
we may assume that α1 > α2 > α3, and that either β1 = β2 = β3 > 0, or β1 = 0, α1 > 0 and
β2 = β3 > 0. Set
h := α2β3 − α3β2, k := α1β3 − α3β1, l := α1β2 − α2β1 .
It turns out that h, k, l > 0, and one an verify that the points 0, hα1 + hβ1ζn, (hα1 + kα2) +
(hβ1+kβ2)ζn, (hα1+kα2+ lα3)+(hβ1+kβ2+ lβ3)ζn, (kα2+ lα3)+(kβ2+ lβ3)ζn, lα3+ lβ3ζn
are the verties of a U -polygon, say P , in On. By Lemma 21, there is a homothety h : C −→ C
suh that P ′ := h[P ] is a polygon in Λn(t,W ). Sine P ′ is a U -polygon (see Lemma 2(a)), P ′ is
a U -polygon in Λn(t,W ). The remaining ases card(U) < 3 follow from similar arguments. 
Remark 25. A geometri way of seeing the proof of Lemma 27 is that one rst onstruts
a triangle in Kn having sides parallel to the given diretions of U . If two of the verties are
hosen in Kn, then the third is automatially in Kn. Now, t six of these triangles together in
the obvious way to make an anely regular hexagon in Kn. The latter is then a U -polygon,
say P , in Kn. By Lemma 21, there is a homothety h : C −→ C suh that P ′ := h[P ] is
a polygon in Λn(t,W ). Sine P
′
is a U -polygon (see Lemma 2(a)), P ′ is a U -polygon in
Λn(t,W ).
The proof of the following result is step by step analogous to that of [17, Theorem 4.5℄,
wherefore we need not repeat it here. The most important tools for this proof are Proposition 4
and p-adi valuations.
Theorem 7. Let n ∈ N \ {1, 2}, let U ∈ Un4,Q, and suppose the existene of a U -polygon.
Then, one has card(U) ≤ 6, and the ross ratio of slopes of any four diretions of U , arranged
in order of inreasing angle with the positive real axis, is an element of the set N1 (as dened
in Theorem 1). 
Due to the roughness of our analysis in Setion 3, we shall not be able in this setion to
prove a full analogue of Theorem 7 in the ase of arbitrary sets of four or more pairwise non-
parallel On-diretions. In fat, it is an open problem whether there is always a ardinality
statement as above.
Suppose the existene of a U -polygon in a ylotomi model set. Then, the set U onsists
of On-diretions, where n ∈ N \ {1, 2}. The proof of the following result is a modied version
of the rst part of the proof of [17, Theorem 4.5℄.
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Theorem 8. Let n ∈ N \ {1, 2}, let U ⊂ S1 be a set of four or more pairwise non-parallel
On-diretions, and suppose the existene of a U -polygon. Then, the ross ratio of slopes of
any four diretions of U , arranged in order of inreasing angle with the positive real axis, is
an element of the set ( ⋃
m≥4
fm[Dm]
)
∩ kn .
Proof. Let U be as in the assertion. By Proposition 4, U onsists of diretions parallel to the
edges of an anely regular polygon. Hene, there is a non-singular linear transformation ψ of
the plane with the following property: If one sets
V :=
{
uψ(u′)
∣∣ u′ ∈ U} ⊂ S1 ,
then V is ontained in a set of diretions that are equally spaed in S1, i.e., the angle between
eah pair of adjaent diretions is the same. Sine the diretions of U are pairwise non-parallel,
there is an m ∈ N with m ≥ 4 suh that eah diretion of V is parallel to a diretion of the
form ehπi/m, where h ∈ N0 satises h ≤ m − 1. Let u′j , 1 ≤ j ≤ 4, be four diretions of
U , arranged in order of inreasing angle with the positive real axis. By Lemma 23, the ross
ratio of the slopes of these On-diretions, say q := (su′1 , su′2 ; su′3 , su′4), is an element of the
real algebrai number eld kn. One an see by Lemma 26 together with the fat that every
non-singular linear transformation of the plane either preserves or inverts orientation that we
may assume, without loss of generality, that eah diretion uψ(u′
j
) ∈ V is parallel to a diretion
of the form ehjπi/m, where hj ∈ N0, 1 ≤ j ≤ 4, and, moreover, h1 < h2 < h3 < h4 ≤ m− 1.
Using Lemma 26 again, one gets
q = (sψ(u′1), sψ(u′2); sψ(u′3), sψ(u′4)) =
(tan(h3πm )− tan(h1πm ))(tan(h4πm )− tan(h2πm ))
(tan(h3πm )− tan(h2πm ))(tan(h4πm )− tan(h1πm ))
.
Manipulating the right-hand side, one obtains
q =
sin( (h3−h1)πm ) sin(
(h4−h2)π
m )
sin( (h3−h2)πm ) sin(
(h4−h1)π
m )
.
Setting k1 := h3 − h1, k2 := h4 − h2, k3 := h3 − h2 and k4 := h4 − h1, one gets 1 ≤ k3 <
k1, k2 < k4 ≤ m− 1 and k1 + k2 = k3 + k4.
Using sin(θ) = −e
−iθ(1−e2iθ)
2i , one obtains
kn ∋ q = (1− ζ
k1
m )(1− ζk2m )
(1− ζk3m )(1− ζk4m )
= fm(d) ,
with d := (k1, k2, k3, k4), as in (11). Then, d ∈ Dm if its rst two oordinates are interhanged,
if neessary, to ensure that k1 ≤ k2; note that this operation does not hange the value of
fm(d). This ompletes the proof. 
Suppose that there is a U -polygon in an (aperiodi) ylotomi model set with o-dimension
two. Then, the set U onsists of On-diretions, where n ∈ {5, 8, 10, 12}.
Theorem 9. Let n ∈ {5, 8, 10, 12}, let U ⊂ S1 be a set of four or more pairwise non-parallel
On-diretions, and suppose the existene of a U -polygon. Then, the ross ratio of slopes of any
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four diretions of U , arranged in order of inreasing angle with the positive real axis, maps
under the norm N
kn/Q to the set N2 as dened in Theorem 2.
Proof. This is an immediate onsequene of Theorem 8 in onjuntion with Corollary 4. 
For the general ase n ∈ N \ {1, 2}, one obtains the following results.
Theorem 10. For all e ∈ Im(φ/2), there is a nite set Ne ⊂ Q suh that, for all n ∈
(φ/2)−1[{e}], and all sets U ⊂ S1 of four or more pairwise non-parallel On-diretions, one has
the following:
If there exists a U -polygon, then the ross ratio of slopes of any four diretions of U , arranged
in order of inreasing angle with the positive real axis, maps under the norm N
kn/Q to Ne.
Proof. This is an immediate onsequene of Theorem 8 in onjuntion with Corollary 5. 
Theorem 11. For all n ∈ N\{1, 2} and all sets U ⊂ S1 of four or more pairwise non-parallel
On-diretions, one has the following:
If there exists a U -polygon, then the ross ratio of slopes of any four diretions of U , arranged
in order of inreasing angle with the positive real axis, maps under the norm N
kn/Q to the set
±
(
{1} ∪ [QP≤2>1 ]±1) .
Proof. This is an immediate onsequene of Theorem 8 in onjuntion with Theorem 4. 
7. Disrete Tomography of Cylotomi Model Sets
7.1. Setting. For the disrete tomography of aperiodi ylotomi model sets, one additional
diulty, in omparison to the rystallographi ase, stems from the fat that it is not suient
to onsider one pattern and its translates to dene the setting. Hene, to dene the analogue
of a spei rystal, one has to add all innite patterns that emerge as limits of sequenes
of translates dened in the loal topology (LT). Here, two patterns are ε-lose if, after a
translation by a distane of at most ε, they agree on a ball of radius 1/ε around the origin.
If the starting pattern P is rystallographi, no new patterns are added; but if P is a generi
aperiodi ylotomi model set, one ends up with unountably many dierent patterns, even
up to translations! Nevertheless, all of them are loally indistinguishable (LI). This means
that every nite path in Λ also appears in any of the other elements of the LI-lass and vie
versa; see [2℄ for details.
Remark 26. The entire LI-lass of a regular, generi ylotomi model set Λ(W ) an be shown
to onsist of all sets t+Λ(τ+W ), with t ∈ R2 and τ ∈ (R2)φ(n)2 −1 suh that ∂(τ+W )∩[On]⋆n =
∅ (i.e., τ is in a generi position), and all patterns obtained as limits of sequenes t+Λ(τn+W ),
with all τn in a generi position; see [2, 36℄. Eah suh limit is then a subset of some t+Λ(τ+W ),
as W was assumed ompat, but τ might not be in a generi position. In view of this
ompliation, we must make sure that we deal with nite subsets of generi ylotomi model
sets. This restrition to the generi ase is the proper analogue of the restrition to perfet
latties and their translates in the lassial setting.
Denition 16. Let n ∈ N \ {1, 2}, let W ⊂ (R2)φ(n)/2−1 be a window (f. Denition 11),
and let a star map .⋆n be given, i.e., a map .⋆n : On −→ (R2)φ(n)/2−1, given by z 7−→ 0, if n ∈
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{3, 4, 6}, and given by z 7−→ (σ2(z), . . . , σφ(n)/2(z)) otherwise (as desribed in Denition 11).
We let Mg(On) be the set of generi elements of M(On) and dene
W ⋆nMg(On) :=
{
Λ⋆nn (t, τ +W )
∣∣∣∣∣ t ∈ R2, τ ∈ (R2)
φ(n)
2
−1
and
[On]⋆n ∩ ∂(τ +W ) = ∅
}
⊂Mg(On) ,
where the elements Λ⋆nn (t, τ +W ) of this set are understood to be dened by use of the above
star map .⋆n , i.e.,
Λ⋆nn (t, τ +W ) = t+ {z ∈ On | z⋆n ∈ τ +W } .
Remark 27. Let n ∈ N \ {1, 2}. Note that, if W ⊂ (R2)φ(n)/2−1 is a window, then every
translate of it, i.e., τ +W , is a window as well. Note further that for n = 4 (resp., n ∈ {3, 6})
the set W ⋆nMg(On) simply onsists of all translates of the square lattie O4 (resp., triangular
lattie O3 = O6).
The setting for the uniqueness problem of disrete tomography of ylotomi model sets
looks as follows. Let n ∈ N \ {1, 2}, let W ⊂ (R2)φ(n)/2−1 be a window, and let a star
map .⋆n be given (as desribed in Denition 11). Then, we are interested in the (suessive)
determination of the set ⋃
Λ∈W ⋆n
Mg(On)
F(Λ)
or suitable subsets thereof by the X-rays in a small number of On-diretions.
7.2. Grids. It is advantageous to narrow down the set of possible positions in a way that
mathes the algebrai setting at hand.
Denition 17. Let U ⊂ S1 be a nite set of pairwise non-parallel diretions. We dene the
omplete grid GUOn of On with respet to U as
GUOn :=
⋂
u∈U
( ⋃
ℓ∈Lu
On
ℓ
)
,
where LuOn denotes the set of lines in diretion u in R2, whih pass through at least one
element of On. Further, for a nite subset F of R2, we dene the grid of F with respet to
the X-rays in the diretions of U as
GUF :=
⋂
u∈U
 ⋃
ℓ∈supp(XuF )
ℓ
 .
Remark 28. Note that, in the situation of Denition 17, one has the inlusion
(22) On ⊂ GUOn .
The following property is immediate.
Lemma 28. If U ⊂ S1 is a nite set of pairwise non-parallel diretions, then for all nite
subsets F,F ′ of R2 one has
(XuF = XuF
′ ∀u ∈ U) =⇒ F,F ′ ⊂ GUF = GUF ′ . 
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Naturally, we are interested in the following speial situation. Let n ∈ N\{1, 2}, let U ⊂ S1
be a nite set of pairwise non-parallel On-diretions, and let F be a nite subset of t + On,
where t ∈ R2. Clearly, the grid GUF of F with respet to the X-rays in the diretions of U may
be a proper superset of F . In fat, it may even ontain points that lie in a dierent translate
of On than F itself. This problem was studied in [4, Fig. 5, Se. 4.2 and Se. 5.1℄. Here, we
are interested in the ase where the latter phenomenon annot our. The main result of this
setion (Theorem 12 below) will show that this goal an be reahed by allowing only a speial
kind of sets U of at least two On-diretions. First, we need the following results.
Proposition 5. Let n ∈ N \ {1, 2} and let o, o′ be two non-parallel elements of On. Then,
the omplete grid G
{uo,uo′}
On of On with respet to the diretions uo and uo′ (as dened in
Denition 15(b)) satises
On ⊂ G{uo,uo′}On ⊂
〈 {
o/(αoβo′ − βoαo′), o′/(αoβo′ − βoαo′)
} 〉
On ⊂ Kn ⊂ C ,
where the elements αo, αo′ , βo, βo′ ∈On are determined by o = αo + βoζn and o′ = αo′ + βo′ζn
(f. Lemma 3(a)), and 〈 . 〉On denotes the On-linear hull.
Proof. See [4, Proposition 5 and Remark 14℄. 
Remark 29. The linear independene of {o, o′} and {1, ζn} overR implies that αoβo′−βoαo′ 6=
0.
Denition 18. For elements o ∈ On \ {0} and o′ ∈ On, we say that o divides o′ and write
o|o′ if o′o ∈ On.
Denition 19. Let K/k be an extension of algebrai number elds, say of degree d := [K :
k] ∈ N. Further, let O
K
(resp., O
k
) be the ring of integers of K (resp., k). Then, a subset
{o1, . . . , od} ⊂ OK is alled a relative integral basis of K/k if it is an Ok-basis of the Ok-
module O
K
, i.e., if every element o ∈ O
K
is uniquely expressible as an O
k
-linear ombination
of {o1, . . . , od}.
Remark 30. By Lemma 3(b), for n ∈ N \ {1, 2}, one has [Kn : kn] = 2. Moreover, by
Proposition 2, one has the identities O
Kn = On and Okn =On. Let o, o′ be two non-parallel
elements of On. Then, {o, o′} is a relative integral basis of Kn/kn if and only if the On-linear
hull 〈{o, o′}〉On of {o, o′} equals On.
Proposition 6. Let n ∈ N \ {1, 2} and let o, o′ be two non-parallel elements of On, say
o = αo + βoζn and o
′ = αo′ + βo′ζn for uniquely determined αo, αo′ , βo, βo′ ∈On (f. Lemma
3(a)). The following statements are equivalent:
(i) αoβo′ − βoαo′ ∈O×n .
(ii) αoβo′ − βoαo′
∣∣o and αoβo′ − βoαo′∣∣o′.
(iii) {o, o′} is a relative integral basis of Kn/kn.
Moreover, eah of the above onditions (i)-(iii) implies the equation
G
{uo,uo′}
On = On .
Proof. Diretion (i) ⇒ (ii) is immediate. Next, we show diretion (ii) ⇒ (i). Suppose that
αoβo′ −βoαo′
∣∣o and αoβo′ −βoαo′∣∣o′, say (αoβo′−βoαo′)(γ+ δζn) = o and (αoβo′ −βoαo′)(γ′+
36 C. HUCK
δ′ζn) = o′ for suitable γ, γ′, δ, δ′ ∈On. Using the R-linear independene of {1, ζn}, the latter
implies the equations
(αoβo′ − βoαo′)γ = αo ,
(αoβo′ − βoαo′)δ = βo ,
(αoβo′ − βoαo′)γ′ = αo′ ,
(αoβo′ − βoαo′)δ′ = βo′ .
Consequently, one has
αoβo′ − βoαo′ = (αoβo′ − βoαo′)2 (γδ′ − δγ′) .
Further, dividing by αoβo′ − βoαo′ (f. Remark 29), one obtains the equation
1 = (αoβo′ − βoαo′) (γδ′ − δγ′) ,
and the assertion follows. For diretion (i)⇒ (iii), rst observe that Proposition 5 partiularly
shows that
On ⊂
〈 {
o/(αoβo′ − βoαo′), o′/(αoβo′ − βoαo′)
} 〉
On ⊂ On ,
hene 〈{
o/(αoβo′ − βoαo′), o′/(αoβo′ − βoαo′)
}〉
On = 〈{o, o
′}〉On = On .
By Remark 30, the assertion follows. Finally, let us prove diretion (iii) ⇒ (i). Here, by
Remark 30, there are γ, γ′, δ, δ′ ∈On suh that γo + δo′ = 1 and γ′o + δ′o′ = ζn. Using the
R-linear independene of {1, ζn}, the latter implies that γαo + δαo′ = 1, γβo + δβo′ = 0,
γ′αo + δ′αo′ = 0 and γ′βo + δ′βo′ = 1. Hene, one has
1 = (γαo + δαo′)(γ
′βo + δ′βo′)− (γβo + δβo′)(γ′αo + δ′αo′)
= (αoβo′ − βoαo′)(γδ′ − γ′δ) ,
and the assertion follows. The additional statement follows immediately from Proposition 5,
whih in this ase shows that
On ⊂ G{uo,uo′}On ⊂
〈 {
o/(αoβo′ − βoαo′), o′/(αoβo′ − βoαo′)
} 〉
On ⊂ On .
This ompletes the proof. 
Theorem 12. Let n ∈ N \ {1, 2}, let O ⊂ On \ {0} be a nite set of m ≥ 2 pairwise non-
parallel elements. Suppose the existene of two dierent elements o, o′ ∈ O satisfying one of
the equivalent onditions (i)-(iii) of Proposition 6. Then, setting UO := {uo | o ∈ O} ⊂ S1, for
all t ∈ R2 and all nite subsets F of t+On, one has the inlusion GUOF ⊂ t+On.
Proof. Let t ∈ R2 and let F be a nite subset of t+On. It follows that F − t is a nite subset
of On. Clearly, one has the inlusion GUOF−t ⊂ GUOOn ⊂ G
{uo,uo′}
On . Hene, by Proposition 5 in
onjuntion with the additional statement of Proposition 6, one further obtains
GUOF−t ⊂ GUOOn ⊂ G
{uo,uo′}
On = On .
The equality GUOF−t = G
UO
F − t ompletes the proof. 
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7.3. Pratial relevane. The above setting for the disrete tomography of ylotomi model
sets is motivated by the pratie of quantitative HRTEM. This is due to the fat that, beause
of the N(n)-fold yli symmetry of genuine planar (quasi)rystals (with N(n) being the
funtion from (1)), the determination of the rotational orientation of a (quasi)rystalline probe
in an eletron mirosope an rather easily be done in the diration mode, prior to taking
images in the high-resolution mode, though, in general, a natural hoie of a translational
origin is not possible. Therefore, in order to prove pratially relevant and rigorous results, one
has to deal with the `non-anhored' ase of the whole LI-lass of a regular, generi ylotomi
model set Λ, rather than dealing with the `anhored' ase of a xed suh Λ. It will turn out
in the following that the treatment of the `non-anhored' ase is often feasible. Moreover, in
Setion 10, we shall even be able to provide positive uniqueness results for whih we an make
sure that all the On-diretions used orrespond to dense lines in the orresponding ylotomi
model sets, the latter meaning that the resolution oming from these diretions is rather high.
Hene, we believe that these results look promising in view of real appliations.
8. Simple Uniqueness Results
In this setion, we present some uniqueness results whih are meant to motivate the next
three setions.
Proposition 7. Let n ∈ N \ {1, 2} and let Λn(t,W ) ∈ M(On) be a ylotomi model set.
Further, let u ∈ S1 be a non-On-diretion. Then, F(Λn(t,W )) is determined by the single
X-ray in diretion u.
Proof. This follows immediately from the fat that a line in the plane in a non-On-diretion
passes through at most one point of t+On. 
Remark 31. Let n ∈ N\{1, 2}. By Lemma 22, the slope of any On-diretion is an element of
the set k[n,4]∪{∞}. It follows that any diretion having any other slope is a non-On-diretion.
Of ourse, there are non-On-diretions, even non-On-diretions having algebrai slopes.
The following result represents a fundamental soure of diulties in disrete tomography.
There exist several versions; ompare [24, Theorem 4.3.1℄ and [16, Lemma 2.3.2℄.
Proposition 8. Let n ∈ N \ {1, 2} and let Λn(t,W ) ∈ M(On) be a ylotomi model set.
Further, let U ⊂ S1 be an arbitrary, but xed nite set of pairwise non-parallel On-diretions.
Then, F(Λn(t,W )) is not determined by the X-rays in the diretions of U .
Proof. We argue by indution on card(U). The ase card(U) = 0 means U = ∅ and is obvious.
Suppose the assertion to be true whenever card(U) = k ∈ N0 and let card(U) = k + 1. By
indution hypothesis, there are dierent elements F and F ′ of F(Λn(t,W )) with the same
X-rays in the diretions of U ′, where U ′ ⊂ U satises card(U ′) = k. Let u be the remaining
diretion of U . Choose a non-zero element o ∈ On parallel to u suh that o + (F ∪ F ′) and
F ∪F ′ are disjoint. Then, F ′′ := F ∪ (o+F ′) and F ′′′ := F ′∪ (o+F ) are dierent elements of
F(t+On) with the same X-rays in the diretions of U . By Lemma 21, there is a homothety
h : C −→ C suh that h[F ′′ ∪ F ′′′] = h[F ′′] ∪ h[F ′′′] ⊂ Λn(t,W ). It follows that h[F ′′] and
h[F ′′′] are dierent elements of F(Λn(t,W )) with the same X-rays in the diretions of U ; see
Lemma 2(b). 
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Figure 5. Two ontiguous subsets of ΛAB with the same X-rays in the O8-
diretions 1 and ζ8.
Remark 32. An analysis of the proof of Proposition 8 shows that, for any nite set U ⊂ S1
of k pairwise non-parallel On-diretions, there are disjoint elements F and F ′ of F(Λn(t,W ))
with card(F ) = card(F ′) = 2(k−1) and with the same X-rays in the diretions of U . Consider
any onvex set C in R2 whih ontains F and F ′ from above. Then, the subsets F1 :=
(C∩Λn(t,W ))\F and F2 := (C∩Λn(t,W ))\F ′ of F(Λn(t,W )) also have the same X-rays in
the diretions of U . Whereas the points in F and F ′ are widely dispersed over a region, those
in F1 and F2 are ontiguous in a way similar to atoms in a quasirystal. This proedure is
illustrated in Figure 5 in the ase of the aperiodi ylotomi model set ΛAB assoiated with
the Amman-Beenker tiling as desribed in example (AB) in Setion 5.3; ompare [18, Remark
4.3.2℄.
The proof of the following result is the same as that of [24, Theorem 4.3.3℄. Originally, the
proof is due to Rényi; see [33℄. For larity, we prefer to repeat the details here, in a slightly
modied way.
Proposition 9. Let n ∈ N \ {1, 2} and let Λn(t,W ) ∈ M(On) be a ylotomi model set.
Further, let U ⊂ S1 be any set of k + 1 pairwise non-parallel On-diretions where k ∈ N0.
Then, F≤k(Λn(t,W )) is determined by the X-rays in the diretions of U .
Proof. Let F,F ′ ∈ F≤k(Λn(t,W )) have the same X-rays in the diretions of U . Then, one
has card(F ) = card(F ′) by Lemma 1(a) and
F,F ′ ⊂ GUF
by Lemma 28. But we have GUF = F sine the existene of a point in G
U
F \ F implies the
existene of at least card(U) ≥ k+1 points in F , a ontradition. It follows that F = F ′. 
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Remark 33. Let n ∈ N \ {1, 2} and let Λn(t,W ) ∈ M(On) be a ylotomi model set.
Remark 32 and Proposition 9 show that F≤k(Λn(t,W )) an be determined by the X-rays in
any set of k+1 pairwise non-parallel On-diretions but not by 1+⌊log2 k⌋ pairwise non-parallel
X-rays in On-diretions.
9. Determination of Subsets with Bounded Diameter by X-Rays or
Projetions  Delone Sets of Finite Loal Complexity with Appliations
to Meyer Sets and Model Sets
Let d ∈ N and let R > 0. Reall that a Delone set Λ ⊂ Rd is uniformly disrete (i.e., there
is a radius r > 0 suh that every ball of the form Br(x), where x ∈ Rd, ontains at most one
point of Λ) and relatively dense (i.e., there is a radius R > 0 suh that every ball of the form
BR(x), where x ∈ Rd, ontains at least one point of Λ). The uniform disreteness of Delone
sets Λ immediately implies the inlusion D<R(Λ) ⊂ F(Λ).
Lemma 29. Let d ≥ 2 and let Λ ⊂ Rd be relatively dense. Then, the set of Λ-diretions is
dense in S
d−1
.
Proof. We may assume, without loss of generality, that 0 ∈ Λ. Let u ∈ Sd−1 and let Bε(u) ∩
S
d−1
be an arbitrary open ε-neighbourhood of u in Sd−1. Without restrition, let ε < 1.
Then, Bε(u) ∩ Sd−1 is a (d − 1)-dimensional open ball, i.e., homeomorphi to the open ball
B1(0) := {x ∈ Rd−1 | ‖x‖ < 1}. Consider the smallest onvex one C in Rd with apex 0 and
ontaining the set Bε(u) ∩ Sd−1, i.e.,
C :=

n∑
j=1
λjxj
∣∣∣∣∣∣ n ∈ N,R ∋ λ1, . . . , λn ≥ 0, x1, . . . , xn ∈ Bε(u) ∩ Sd−1
 .
Sine Λ is relatively dense, there is a radius R > 0 suh that every open ball BR(z), where
z ∈ Rd, ontains at least one element of Λ. Clearly, the interior C◦ = C \ {0} of the onvex
one C ontains open balls of arbitrary large radius, hene points of Λ. This ompletes the
proof. 
Remark 34. Let d ∈ N. Note that a subset Λ ⊂ Rd has nite loal omplexity (i.e., the
dierene set Λ − Λ is losed and disrete) if and only if for every r > 0 there are, up to
translation, only nitely many point sets (alled pathes of diameter r) of the form Λ∩Br(x),
where x ∈ Rd.
Theorem 13. Let d ≥ 2, let R > 0, and let Λ ⊂ Rd be a Delone set of nite loal omplexity.
Then, one has:
(a) The set D<R(Λ) is determined by two X-rays in Λ-diretions.
(b) The set D<R(Λ) is determined by two projetions on orthogonal omplements of 1-
dimensional Λ-subspaes.
Proof. Let us rst prove part (a). Sine Λ has nite loal omplexity, there are only nitely
many possible Λ-diretions having the property that there may be more than one point of a
set F ∈ D<R(Λ) on a line in this diretion. We denote the nite set of all these Λ-diretions
by U . Let u ∈ Sd−1 be an arbitrary Λ-diretion. For every F ∈ D<R(Λ), Lemma 28 shows
that
F ⊂ G{u}F ∩ Λ .
40 C. HUCK
Choose u′′ ∈ Sd−1 ∩ (Ru)⊥ and note that (G{u}F ∩ Λ)|(Ru)⊥ is a nite set with diameter
DuF := diam
(
(G
{u}
F ∩ Λ)|(Ru)⊥
)
< R .
Sine Λ has nite loal omplexity, the set of diameters
{DuF |F ∈ D<R(Λ)}
is nite. Set
D := max
({DuF |F ∈ D<R(Λ)}) < R .
Note that there is an ε0 ∈ R with 0 < ε0 < 1 suh that every element of the set Bε0(u′′) ∩ Sd−1
is a diretion having the property that on eah line in this diretion there are no two points of
any set G
{u}
F ∩Λ, F ∈ D<R(Λ), on that line with a distane ≥ R. Sine the set of Λ-diretions
is dense in S
d−1
by Lemma 29 (by assumption, Λ is a Delone set and hene relatively dense),
and by the niteness of the set U , this observation shows that one an hoose a Λ-diretion
non-parallel to u, say u′, suh that u′ /∈ U , and with the property that on eah line in this
diretion there are no two points of any set G
{u}
F ∩Λ, F ∈ D<R(Λ), on that line with a distane
greater or equal to R. We laim that D<R(Λ) is determined by the X-rays in the diretions
u and u′. To see this, let F,F ′ ∈ D<R(Λ) satisfy XuF = XuF ′. Then, by Lemma 28, one
has F,F ′ ⊂ G{u}F ∩ Λ. In order to show that the identity Xu′F = Xu′F ′ implies the equality
F = F ′, we shall even prove that eah line in diretion u′ meets at most one point of G{u}F ∩Λ.
Assume the existene of a line ℓu′ in diretion u
′
, and assume the existene of two distint
points g and g′ in ℓu′ ∩ (G{u}F ∩ Λ). By onstrution, the distane of g and g′ is less than
R. Hene, one has {g, g′} ∈ D<R(Λ), and further u′ ∈ U , a ontradition. Part (b) follows
immediately from an analysis of the proof of part (a). 
Let us note some impliations of Theorem 13.
Corollary 9. Let d ≥ 2, let R > 0, and let Λ ⊂ R2 be a Meyer set. Then, one has:
(a) The set D<R(Λ) is determined by two X-rays in Λ-diretions.
(b) The set D<R(Λ) is determined by two projetions on orthogonal omplements of 1-
dimensional Λ-subspaes.
Proof. This follows immediately from Theorem 13, sine Meyer sets Λ are, by denition,
Delone sets having the property that Λ−Λ is uniformly disrete. Clearly, the latter property
implies the niteness of loal omplexity. 
Corollary 10. Let d ≥ 2, let R > 0, and let Λ ⊂ Rd be an arbitrary model set. Then, one
has:
(a) The set D<R(Λ) is determined by two X-rays in Λ-diretions.
(b) The set D<R(Λ) is determined by two projetions on orthogonal omplements of 1-
dimensional Λ-subspaes.
Proof. This follows immediately from Corollary 9, sine every planar model set is a Meyer set;
see [29℄. 
Corollary 11. Let n ∈ N \ {1, 2}, let Λn(t,W ) ∈ M(On) be a ylotomi model set, and let
R > 0. Then, one has:
(a) The set D<R(Λn(t,W )) is determined by two X-rays in On-diretions.
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(b) The set D<R(Λn(t,W )) is determined by two projetions on orthogonal omplements
of 1-dimensional On-subspaes.
Proof. This follows from Corollary 10 in onjuntion with Lemma 25. 
Remark 35. In Setion 11, we shall prove a result on the suessive determination of the
set F(Λn(t,W )) of all nite subsets of a xed ylotomi model set Λn(t,W ) by X-rays or
projetions. There, we shall also give, independently of the investigations is this setion, an
alternative proof of Corollary 11.
Corollary 12. Let d ≥ 2, let t ∈ Rd, and let L ⊂ Rd be a (full) lattie. Furthermore, let
R > 0. Then, one has:
(a) The set D<R(t+ L) is determined by two X-rays in L-diretions.
(b) The set D<R(t + L) is determined by two projetions on orthogonal omplements of
1-dimensional L-subspaes.
Proof. This follows immediately from Corollary 10, sine translates of latties are model sets.

Remark 36. Clearly, Theorem 13 and the subsequent orollaries in this setion are best
possible with respet to the number of X-rays (resp., projetions) used.
10. Determination of Convex Sets in Cylotomi Model Sets by X-Rays
Lemma 30. Let n ∈ N \ {1, 2} and let Λn(t,W ) ∈ M(On) be a ylotomi model set.
Let U ⊂ S1 be a nite set of at least three pairwise non-parallel On-diretions. Suppose the
existene of F,F ′ ∈ C(Λn(t,W )) suh that XuF = XuF ′ for all u ∈ U . Then, one has
F 6= F ′ =⇒ dim(F ) = dim(F ′) = 2 .
Proof. No hanges needed in omparison with the proof of [17, Lemma 5.2℄. 
Remark 37. In general, Lemma 30 is false if one redues the number of pairwise non-parallel
On-diretions of U to two.
Example 2. Consider the ylotomi model set Λ
AB
from above. Further, onsider the
O8-diretions u := u(2+√2)+ζ8 ∈ S1 and u′ := u−√2+ζ8 ∈ S1. Then, the 2-dimensional
onvex set F := {−1 − ζ8,−1, 0, 1, 1 + ζ8} in ΛAB and the 1-dimensional onvex set F ′ :=
{−1 − √2,−1, 0, 1, 1 + √2} in Λ
AB
have the same X-rays in the diretions u and u′; see
Figure 2 and ompare also [17, Example 5.3 and Figure 2℄.
The proof of the following result is a modied version of that of [17, Theorem 5.5℄. For
onveniene, we present the details.
Theorem 14. Let n ∈ N \ {1, 2} and let Λn(t,W ) ∈ M(On) be a ylotomi model set.
Further, let U ⊂ S1 be a set of two or more pairwise non-parallel On-diretions. The following
statements are equivalent:
(i) C(Λn(t,W )) is determined by the X-rays in the diretions of U .
(ii) There is no U -polygon in Λn(t,W ).
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Proof. For (i) ⇒ (ii), suppose the existene of a U -polygon P in Λn(t,W ). Partition the
verties of P into two disjoint sets V, V ′, where the elements of these sets alternate round
the boundary ∂P of P . Sine P is a U -polygon, eah line in the plane parallel to some
u ∈ U that ontains a point in V also ontains a point in V ′. In partiular, one sees that
card(V ) = card(V ′). Set
C := (Λn(t,W ) ∩ P ) \ (V ∪ V ′)
and further F1 := C ∪ V and F2 := C ∪ V ′. Then, F1 and F2 are dierent onvex sets in
Λn(t,W ) with the same X-rays in the diretions of U .
For (ii) ⇒ (i), suppose that F1 and F2 are dierent onvex sets in Λn(t,W ) with the same
X-rays in the diretions of U . Set
E := conv(F1) ∩ conv(F2) .
We may assume that card(U) ≥ 4, sine Lemma 27 provides a U -polygon in Λn(t,W ) whenever
card(U) ≤ 3. By Lemma 30, we have dim(F1) = dim(F2) = 2 and Lemma 1(b) shows that F1
and F2 have the same entroid. It follows that E
◦ 6= ∅.
Sine conv(F1) and conv(F2) are onvex polygons, one knows that
(conv(F1)△ conv(F2))◦
has nitely many omponents. By the assumption F1 6= F2, there is at least one omponent.
Let these omponents be Cj , and all Cj of type r ∈ {1, 2} if Cj ⊂ (conv(Fr) \E)◦. Consider
the set of type 1 (resp., type 2) omponents together with the equivalene relation generated
by the reexive and symmetri relation R given by adjaeny, i.e., C RC ′ ⇐⇒ C ∩ C ′ 6= ∅.
Let the set D1 (resp., D2) onsist of all unions ∪C, where C is an equivalene lass of type 1
(resp., type 2) omponents. Let D := D1∪D2. Note that the elements of D1 and D2 alternate
round the boundary ∂E of E.
Suppose that D ∈ D1. The set A := (D \E) ∩Λn(t,W ) is non-empty, nite and ontained
in F1 \ E. If u ∈ U and z ∈ A, then, sine XuF1 = XuF2, there is an element z′ ∈ Λn(t,W )
whih satises
z′ ∈ (F2 \E) ∩ ℓzu .
It follows that ℓzu meets some element of D2. Let us denote this element by D(u).
We rst laim that D(u) does not depend on the hoie of z ∈ A. To see this, let z˜ ∈ A be
another element of A (i.e., z 6= z˜ ∈ A) suh that ℓz˜u meets D˜(u) ∈ D2, where D˜(u) 6= D(u).
The latter inequality implies that D˜(u) and D(u) are disjoint and, moreover, we see that with
respet to the lokwise ordering round ∂E there exists an element D′ of D1 between D˜(u)
and D(u). There follows the existene of an element zˆ ∈ Λn(t,W ) ontained in the open strip
bounded by ℓzu and ℓ
z˜
u suh that zˆ ∈ C \E, where C is one of the type 1 omponents ontained
in D′. Sine XuF1 = XuF2, there follows the existene of an element zˆ′ ∈ Λn(t,W ) ∩ ℓz˜u with
zˆ′ ∈ C ′ \ E, where C ′ is a type 2 omponent. It follows that C ′ ⊂ D, a ontradition. This
proves the laim.
The set A(u) := (D(u) \ E) ∩ Λn(t,W ) is nite and ontained in F2 \ E. Moreover, sine
XuA(u) = XuA, we have card(A(u)) = card(A) by Lemma 1(a). In partiular, we see that
A(u) is non-empty.
By symmetry, one gets analogous results for any element D ∈ D2.
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Choose an arbitrary D ∈ D and dene the subset
D′ :=
{
((. . . (D(u′i1)) . . . )(u
′
ik−1
))(u′ik) | k ∈ N, u′ij ∈ U for all j ∈ {1, . . . , k}
}
.
of D, obtained from D by applying the above proess through any nite sequene of diretions
from U . Let D′ = {Dj | j ∈ {1, . . . ,m}} and let Aj := (Dj \ E) ∩ Λn(t,W ) be the non-empty
set of elements of Λn(t,W ) orresponding to Dj , j ∈ {1, . . . ,m}.
Let cj be the entroid of Aj , j ∈ {1, . . . ,m}, and let tj be the line through the ommon
endpoints of the two ars, one in ∂(conv(F1)), the other in ∂(conv(F2)), whih bound Dj .
Then, tj separates Aj , and hene cj , from the onvex hull of the remaining entroids ck, with
k ∈ {1, . . . ,m} \ {j}. It follows that the points cj , j ∈ {1, . . . ,m}, are the verties of a onvex
polygon P . If u ∈ U and j ∈ {1, . . . ,m}, suppose that Ak is the set arising from u and Aj by
the proess desribed above, i.e., Ak = Aj(u). Then, by Lemma 1(b), the line ℓ
cj
u also ontains
ck. The points cj therefore pair o in this fashion, so m is even, and sine card(U) ≥ 2, we
have m ≥ 4, and P is non-degenerate. Hene, P is a U -polygon.
Let card(A1) = · · · = card(Am) =: s ∈ N. Then, eah vertex of P belongs to t + 1sOn ⊂
t+Kn. Hene, P is a U -polygon in t+Kn. By Lemma 21, there is a homothety h : C −→ C
suh that P ′ := h[P ] is a polygon in Λn(t,W ). Sine P ′ is a U -polygon (see Lemma 2(a)), P ′
is a U -polygon in Λn(t,W ). 
Remark 38. In the proof of Theorem 14, it is neessary to employ nite unions of omponents;
ompare [17, Remark 5.6℄.
We are now able to prove the following result.
Theorem 15. Let n ∈ N \ {1, 2}. Then, one has:
(a) There is a set U ∈ Un4,Q with card(U) = 4 suh that, for all ylotomi model sets
Λn(t,W ) ∈M(On), the set C(Λn(t,W )) is determined by the X-rays in the diretions
of U . Furthermore, any set U ∈ Un4,Q with card(U) = 4 having the property that the
ross ratio of slopes of the diretions of U , arranged in order of inreasing angle with
the positive real axis, is not an element of the set N1 (as dened in Theorem 1) is
suitable for this purpose.
(b) Let U ⊂ S1 be any set of three or less pairwise non-parallel On-diretions. Then, for
all ylotomi model sets Λn(t,W ) ∈ M(On), the set C(Λn(t,W )) is not determined
by the X-rays in the diretions of U .
() Let U ∈ Un4,Q with card(U) = 7. Then, for all ylotomi model sets Λn(t,W ) ∈
M(On), the set C(Λn(t,W )) is determined by the X-rays in the diretions of U .
(d) There is a set U ∈ Un4,Q with card(U) = 6 suh that, for all ylotomi model sets
Λn(t,W ) ∈M(On), the set C(Λn(t,W )) is not determined by the X-rays in the dire-
tions of U .
Proof. Let us start with (a). In view of Theorem 7 and Theorem 14, the additional statement
is immediate. So, it remains to show existene. For example, the following sets of On-
diretions have the property that the ross ratio of slopes of their diretions, arranged in order
of inreasing angle with the positive real axis, is not an element of the set N1:
Un := {u1, u1+ζn , u1+2ζn , u1+5ζn} ,
U ′n := {u1, u2+ζn , uζn , u−1+2ζn}
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and
U ′′n := {u2+ζn , u3+2ζn , u1+ζn , u2+3ζn} ;
ompare [17, Remark 5.8℄ and Remark 23. For these sets, the ross ratio of slopes of the
diretions, arranged in order of inreasing angle with the positive real axis, is, in order of their
appearane above, 8/5, 5/4 and 5/4 again.
Assertions (b) and () are immediate onsequenes of Theorem 14 in onjuntion with
Lemma 27 and Theorem 7, respetively.
For (d), note that there is a U -polygon P ′ in Λn(t,W ), where U onsists of the six pairwise
non-parallel On-diretions u1, u2+ζn , u1+ζn , u1+2ζn , uζn and u−1+ζn , respetively. To see this,
let P be the non-degenerate onvex dodeagon with verties at 3+ζn, 3+2ζn, 2+3ζn, 1+3ζn,
−1 + 2ζn, −2 + ζn, and the reetions of these points in the origin 0; ompare [17, Example
4.3 and Figure 1℄ and see Remark 23. Then, one easily veries that P is a U -polygon in On.
Invoking Lemma 21 again, there is a homothety h : C −→ C suh that P ′ := h[P ] is a polygon
in Λn(t,W ). Sine P
′
is a U -polygon (see Lemma 2(a)), P ′ is a U -polygon in Λn(t,W ). The
assertion now follows immediately from Theorem 14. 
Remark 39. By assertions (b) and (d) of Theorem 15, assertions (a) and () of Theorem 15
are optimal with respet to the number of diretions used.
As shown in Lemma 24 for n ∈ {3, 4, 6} (orresponding to periodi ylotomi model sets),
the set Un4,Q oinides with the natural set of all sets U ⊂ S1 of four or more pairwise non-
parallel On-diretions. Though, for n ∈ N \ {3, 4, 6}, the restrition of the set of all sets
of four or more pairwise non-parallel On-diretions to the set Un4,Q in Theorem 15 is rather
artiial. Now, we use our results from Setion 6 in order to remove this restrition and prove
orresponding more results in larger generality. For the ase n ∈ {5, 8, 10, 12} (orresponding
to (aperiodi) ylotomi model sets Λn(t,W ) ∈ M(On) with o-dimension two), one has the
following generalization of Theorem 15(a).
Theorem 16. Let n ∈ {5, 8, 10, 12} and let U ⊂ S1 be any set of four pairwise non-parallel
On-diretions having the property
(C2) The ross ratio of slopes of the diretions of U , arranged in order of inreasing angle
with the positive real axis, does not map under the norm N
kn/Q to the set N2 as dened
in Theorem 2.
Then, for all (aperiodi) ylotomi model sets Λn(t,W ) ∈ M(On), the set
C(Λn(t,W )) is determined by the X-rays in the diretions of U .
Proof. This follows immediately from Theorem 14 and Theorem 9. 
Example 3. As an example with n = 8, the following set of O8-diretions has Property (C2):
U8 :=
{
u1+ζ8 , u(−1+√2)+√2ζ8 , u(−1−
√
2)+ζ8
, u−2+(−1+√2)ζ8
}
.
Here, the ross ratio of slopes of the elements of U8, arranged in order of inreasing angle with
the positive real axis, equals 12/7 − 3/7√2, hene
N
k8/Q
(
12
7
− 3
7
√
2
)
=
18
7
/∈ N2 .
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Further, for n ∈ {5, 10}, the following set of O5-diretions has Property (C2):
U10 := U5 :=
{
u(1+τ)+ζ5 , u(τ−1)+ζ5 , u−τ+ζ5 , u2τ−ζ5
}
.
Here, the ross ratio of slopes of the elements of U5, arranged in order of inreasing angle with
the positive real axis, equals 4/5 + 1/5
√
5, hene
N
k5/Q
(
4
5
+
1
5
√
5
)
=
11
25
/∈ N2 .
Finally, for n = 12, the following set of O12-diretions has Property (C2):
U12 :=
{
u1, u2+ζ12 , uζ12 , u
√
3−ζ12
}
.
Here, the ross ratio of slopes of the elements of U12, arranged in order of inreasing angle
with the positive real axis, equals 2 + 1/2
√
3, hene
N
k12/Q
(
2 +
1
2
√
3
)
=
13
4
/∈ N2 .
Remark 40. Using the fat that the quadrati elds k8,k5 and k12 have lass number 1,
Pleasants [32℄ showed that the sets of On-diretions U8, U5 and U12 in Example 3 are well
suited in order to yield dense lines in the orresponding (aperiodi) ylotomi model sets.
Note that preise statements on densities of lines in aperiodi ylotomi model sets depend on
the shape of the window. It follows that, in the pratie of quantitative HRTEM, the resolution
oming from the above diretions is likely to be rather high, whih makes Theorem 16 look
promising.
For the general ase n ∈ N \ {1, 2}, one has the following generalizations of Theorem 15(a)
and Theorem 16, dealing with arbitrary (but xed) ylotomi model sets and arbitrary sets
U of four pairwise non-parallel On-diretions.
Theorem 17. For all e ∈ Im(φ/2), there is a nite set Ne ⊂ Q suh that, for all n ∈
(φ/2)−1[{e}], and all sets U ⊂ S1 of four pairwise non-parallel On-diretions, one has the
following:
If U has the property that the ross ratio of slopes of the diretions of U , arranged in order
of inreasing angle with the positive real axis, does not map under the norm N
kn/Q to Ne,
then, for all ylotomi model sets Λn(t,W ) ∈ M(On), the set C(Λn(t,W )) is determined by
the X-rays in the diretions of U .
Proof. This follows immediately from Theorem 14 and Theorem 10. 
Theorem 18. For all n ∈ N \ {1, 2} and all sets U ⊂ S1 of four pairwise non-parallel On-
diretions, one has the following:
If U has the property that the ross ratio of slopes of the diretions of U , arranged in order
of inreasing angle with the positive real axis, does not map under the norm N
kn/Q to the set
±
(
{1} ∪ [QP≤2>1 ]±1) ,
then, for all ylotomi model sets Λn(t,W ) ∈ M(On), the set C(Λn(t,W )) is determined by
the X-rays in the diretions of U .
Proof. This follows immediately from Theorem 14 and Theorem 11. 
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For the ase of periodi ylotomi model sets, we are able to prove the rst uniqueness
result, whih is in full aordane with the setting of Setion 7.
Theorem 19. Let n ∈ {3, 4, 6} and let U ⊂ S1 be any set of four pairwise non-parallel
On-diretions having the following properties.
(C1) The ross ratio of slopes of the diretions of U , arranged in order of inreasing angle
with the positive real axis, does not map under the norm N
kn/Q to the set N1 as dened
in Theorem 1.
(E) U ontains two On-diretions of the form uo, uo′ , where o, o′ ∈ On \ {0} satisfy one of
the equivalent onditions (i)-(iii) of Proposition 6.
Then, the set ∪t∈R2 C(t+On) is determined by the X-rays in the diretions of U .
Proof. Let n ∈ {3, 4, 6} and let U ⊂ S1 be a set of four pairwise non-parallel On-diretions
having the Properties (C1) and (E). Let F,F ′ ∈ ∪t∈R2C(t + On), say F ∈ C(t + On) and
F ′ ∈ C(t′ + On), where t, t′ ∈ R2, and suppose that F and F ′ have the same X-rays in the
diretions of U . Then, by Lemma 28 and Theorem 12 in onjuntion with Property (E), one
obtains
(23) F,F ′ ⊂ GUF ⊂ t+On .
If F = ∅, then, by Lemma 1(a), one also gets F ′ = ∅. It follows that one may assume,
without loss of generality, that F and F ′ are non-empty. Then, sine F ′ ⊂ t′ + On, it
follows from Equation (23) that t + On meets t′ + On, the latter being equivalent to the
identity t + On = t′ + On. Now, the assertion follows immediately from Property (C1) and
Theorem 15(a) in onjuntion with Lemma 24. 
Example 4. It was shown in the proof of Theorem 15(a) that, for n ∈ {3, 4}, the sets of
On-diretions Un, U ′n, U ′′n (as dened in the proof of Theorem 15(a)) have Property (C1). One
an easily see that these sets of On-diretions additionally have Property (E).
Remark 41. For n ∈ {3, 4}, the sets of On-diretions parallel to the elements of the sets
Un, U
′
n, U
′′
n obviously yield dense lines in the orresponding (periodi) ylotomi model sets.
It follows that, in the pratie of quantitative HRTEM, the resolution oming from these
diretions is rather high, so their might be a real appliation of Theorem 19.
Remark 42. In an approximative sense, whih will be made preise in the following, one is
also able to deal with the `non-anhored' ase for regular aperiodi ylotomi model sets, i.e.,
the determination of sets of the form ∪Λ∈W ⋆n
Mg(On)
C(Λ), where n ∈ N \ {1, 2, 3, 4, 6}, by the
X-rays in four presribed On-diretions. Note rst that, for n ∈ N\{1, 2, 3, 4, 6}, Theorem 17
shows that there is a nite set Nφ(n)/2 ⊂ Q suh that, for all sets U ⊂ S1 of four pairwise
non-parallel On-diretions, one has:
If U has the property that the ross ratio of slopes of the diretions of U , arranged in order
of inreasing angle with the positive real axis, does not map under the norm N
kn/Q to Nφ(n)/2,
then, for all ylotomi model sets Λn(t,W ) ∈ M(On), the set C(Λn(t,W )) is determined by
the X-rays in the diretions of U .
Now let U ⊂ S1 be any set of four pairwise non-parallel On-diretions having the following
properties.
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(C) The ross ratio of slopes of the diretions of U , arranged in order of inreasing angle
with the positive real axis, does not map under the norm N
kn/Q to the set Nφ(n)/2
from above.
(E) U ontains two On-diretions of the form uo, uo′ , where o, o′ ∈ On \ {0} satisfy one of
the equivalent onditions (i)-(iii) of Proposition 6.
We laim that, in a sense, for all xed windows W ⊂ (R2)φ(n)/2−1 with boundary ∂W having
Lebesgue measure 0 in (R2)φ(n)/2−1 and all xed star maps
.⋆n : On −→ (R2)
φ(n)
2
−1
(as desribed in Denition 11), the set ∪Λ∈W ⋆n
Mg(On)
C(Λ) is determined by the X-rays in the
diretions of U . To see this, let F,F ′ ∈ ∪Λ∈W ⋆n
Mg(On)
C(Λ), say F ∈ C(Λ⋆nn (t, τ + W )) and
F ′ ∈ C(Λ⋆nn (t′, τ ′ + W )), where t, t′ ∈ R2 and τ, τ ′ ∈ (R2)
φ(n)
2
−1
, and suppose that F and
F ′ have the same X-rays in the diretions of U . Then, by Lemma 28 and Theorem 12 in
onjuntion with Property (E), one obtains
(24) F,F ′ ⊂ GUF ⊂ t+On .
If F = ∅, then, by Lemma 1(a), one also gets F ′ = ∅. One may thus assume, without loss of
generality, that F and F ′ are non-empty. Then, sine F ′ ⊂ t′+On, Equation (23) implies that
t+On meets t′ +On, the latter being equivalent to the identity t+On = t′ +On. Moreover,
the identity t+On = t′ +On is equivalent to the relation t′ − t ∈ On. Hene, one has
F − t ∈ C
(
Λ⋆nn
(
0, τ +W
))
and, sine the equality Λ⋆nn (t
′ − t, τ ′ +W ) = Λ⋆nn (0, (τ ′ + (t′ − t)⋆n) +W ) holds,
F ′ − t ∈ C
(
Λ⋆nn
(
t′ − t, τ ′ +W )) = C(Λ⋆nn (0, (τ ′ + (t′ − t)⋆n) +W )) .
Clearly, F − t and F ′ − t again have the same X-rays in the diretions of U . Hene, by
Lemma 1(b), F − t and F ′ − t have the same entroid. Sine the star map .⋆n is Q-linear, it
follows that the nite subsets [F−t]⋆n and [F ′−t]⋆n of (R2)φ(n)/2−1 also have the same entroid.
Now, if one has F−t = BR(a)∩Λ⋆nn (t, τ+W ) and F ′−t = BR′(a′)∩Λ⋆nn (0, (τ ′+(t′−t)⋆n)+W )
for suitable a, a′ ∈ R2 and large R,R′ > 0 (whih is rather natural in pratie), then Theorem 5
allows us to write
1
vol(W )
∫
τ+W
y dλ(y) ≈ 1
card (F − t)
∑
x∈F−t
x⋆n
=
1
card (F ′ − t)
∑
x∈F ′−t
x⋆n
≈ 1
vol(W )
∫
(τ ′+(t′−t)⋆n )+W
y dλ(y) .
Consequently,
τ +
∫
W
y dλ(y) ≈ (τ ′ + (t′ − t)⋆n) +
∫
W
y dλ(y) ,
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and hene τ ≈ τ ′ + (t′ − t)⋆n . The latter means that, approximately, both F − t and F ′ − t
are elements of the set C(Λ⋆nn (0, τ +W )). Now, it follows in a loose sense from Property (C)
and Theorem 17 that F − t ≈ F ′ − t, and hene F ≈ F ′.
Example 5. For n ∈ {5, 8, 10, 12}, the set of On-diretion Un (as dened in Example 3) has
Property (C) with N2 as dened in Theorem 2. One an easily see that these On-diretions
additionally have Property (E).
11. Suessive Determination of Finite Subsets by X-Rays or Projetions  A
Class of Delone Sets and Cylotomi Model Sets
Here, we shall investigate the suessive determination of nite subsets (not neessarily
onvex sets) of both ylotomi model sets and arbitrary Delone sets living on On, where
n ∈ N \ {1, 2}. Reall that the interative tehnique of suessive determination allows us to
use the information from previous X-rays in deiding on the diretion for the next X-ray.
Denition 20. For n ∈ N \ {1, 2} and j ∈ {1, . . . , φ(n)/2}, set b(n)j := (ζn + ζ¯n)j−1 and
b(n)φ(n)/2+j := (ζn + ζ¯n)
j−1ζn. Further, set
B(n)1 := {b(n)1 , . . . , b(n)φ(n)/2} ,
B(n)2 := {b(n)φ(n)/2+1, . . . , b(n)φ(n)} ,
and, nally, B(n) := B(n)1 ∪˙ B(n)2 .
Lemma 31. Let n ∈ N \ {1, 2}. Then, B(n) is both a Q-basis of Kn and a Z-basis of On.
Proof. The assertion follows immediately from Lemma 3, Corollary 1 and the seond part of
Remark 10. 
Denition 21. For n ∈ N \ {1, 2}, let .˜n be an arbitrary, but xed Minkowski embedding
of Kn, i.e., a map .˜n : Kn −→ (R2)φ(n)/2 , given by
z 7−→ (σ1(z), σ2(z), . . . , σφ(n)/2(z)) ,
where the set {σ1, . . . , σφ(n)/2} arises from G(Kn/Q) by hoosing exatly one automorphism
from eah pair of omplex onjugate automorphisms.
Remark 43. For the notion of Minkowski embeddings, ompare also Remark 17 and referenes
given there. Note that the map .˜n is Q-linear and injetive. Further, by Lemma 31, the set
[On]˜n is a lattie in (R2)φ(n)/2 with basis [B(n) ]˜n ; see [10, Ch. 2, Se. 3℄. Further, again by
Lemma 31 and the Q-linearity of .˜n , one has [Kn]˜n = 〈[B(n) ]˜n〉Q.
Denition 22. For n ∈ N \ {1, 2}, we let .̂ n be the o-restrition of .˜n to its image
[Kn]˜n .
Lemma 32. Let n ∈ N \ {1, 2}. Then, .̂ n is a Q-linear isomorphism.
Proof. This follows from the fat that the map .˜n is Q-linear and injetive. 
Denition 23. For n ∈ N and κ ∈ Kn, we let m(n)κ : Kn −→ Kn be the map that is given
by multipliation by κ, i.e., z 7−→ κz.
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Remark 44. Let n ∈ N. Note that m(n)κ is aQ-linear endomorphism of the φ(n)-dimensional
vetor spae Kn over Q; f. Proposition 1. Further, m
(n)
κ is a Q-linear automorphism if and
only if κ 6= 0. In partiular, if n ∈ N\{1, 2, 3, 4, 6}, thenm(n)
(ζn+ζ¯n)
is aQ-linear automorphism,
sine then ζn + ζ¯n 6= 0. In fat, this restrition means that φ(n)/2 ≥ 2 from whih follows
that ζn + ζ¯n /∈ Q; f. Corollary 1.
The Q-linear endomorphism m(n)κ (resp., automorphism, if κ 6= 0) orresponds via the Q-
linear isomorphism ̂ n to a Q-linear endomorphism (resp., automorphism), say (m(n)κ )̂ n , of
[Kn]˜n , i.e.,
(m(n)κ )̂ n = .̂ n ◦m(n)κ ◦ ( .̂ n)−1 .
Note further that (m(n)κ )̂ n extends uniquely to an R-linear endomorphism (resp., automor-
phism), say (m(n)κ )˜n , of (R2)φ(n)/2; f. Remark 43.
The following result haraterizes, for n ∈ N \ {1, 2}, the intersetions of 1-dimensional
On-subspaes in the Eulidean plane with the nth ylotomi eld Kn in terms of existene
of ertain Q-bases.
Lemma 33. Let n ∈ N \ {1, 2} and let o ∈ On \ {0}. Then, one has
Kn ∩ (Ro) = kno .
Moreover, Kn ∩ (Ro) is a (φ(n)/2)-dimensional Q-linear subspae of Kn with Q-basis B(n)1 o.
Proof. If z ∈ Kn ∩ (Ro), one has z = λo with λ ∈ kn by Proposition 2. The assertion follows
immediately from the last observation, Corollary 1, and our assumption o 6= 0. 
Proposition 10. Let n ∈ N \ {1, 2} and let o ∈ On \ {0}. Then, one has:
(a) 〈[On∩(Ro)]˜n〉R is a (φ(n)/2)-dimensional [On]˜n-subspae of (R2)φ(n)/2 with R-basis
[B(n)1 o]˜n = {o˜n , (m(n)(ζn+ζ¯n))̂ n(o˜n), . . . , ((m(n)(ζn+ζ¯n))̂ n)φ(n)2 −1(o˜n)
}
.
(b) 〈[On ∩ (Ro)]˜n〉R ∩ [Kn]˜n = [kno]˜n and [B(n)1 o]˜n is a Q-basis of〈[On ∩ (Ro)]˜n〉
R
∩ [Kn]˜n .
Proof. First, observe that
[B(n)1 o]˜n = {(b(n)1 o)˜n , (b(n)2 o)˜n , . . . , (b(n)φ(n)
2
o)˜n}
=
{
o˜n , (m(n)
(ζn+ζ¯n)
)̂ n(o˜n), . . . , ((m(n)
(ζn+ζ¯n)
)̂ n)φ(n)2 −1(o˜n)}
and, trivially,
[B(n)1 o]˜n ⊂ [On ∩ (Ro)]˜n .
Seondly, one an easily see that, sine the elements (b(n)j )˜n ∈ (R2)φ(n)/2, j ∈ {1, . . . , φ(n)/2},
are R-linearly independent, the elements (b(n)j o)˜n ∈ (R2)φ(n)/2, j ∈ {1, . . . , φ(n)/2}, are R-
linearly independent as well. This shows that one has
dim
(〈
[On ∩ (Ro)]˜n〉
R
)
≥ φ(n)
2
.
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Assume that one has dim(〈[On∩(Ro)]˜n〉R) > φ(n)/2, i.e., assume the existene of more than
φ(n)/2 elements of [On ∩ (Ro)]˜n that are R-linearly independent. The inlusion[On ∩ (Ro)]˜n ⊂ [Kn ∩ (Ro)]˜n ,
then implies the existene of more than φ(n)/2 elements of [Kn ∩ (Ro)]˜n that are linearly
independent over R and hene, linearly independent over Q. This is a ontradition sine, by
Lemma 32 and Lemma 33, one has dim
Q
([Kn ∩ (Ro)]˜n) = φ(n)/2. Part (a) follows.
For part (b), we are done if we an show that the inlusion
[kno]˜n = [Kn ∩ (Ro)]˜n ⊂ 〈[On ∩ (Ro)]˜n〉
R
∩ [Kn]˜n
⊂
〈[
Kn ∩ (Ro)
]˜n〉
R
∩ [Kn]˜n
=
〈
[kno]˜n〉
R
∩ [Kn]˜n
holds and, moreover, that the left-hand side and the right-hand side of this inlusion are equal.
Sine, by Lemma 33, Kn ∩ (Ro) = kno, the only non-trivial part of the inlusion is[
Kn ∩ (Ro)
]˜n ⊂ 〈[On ∩ (Ro)]˜n〉
R
∩ [Kn]˜n .
Let z ∈ Kn ∩ (Ro). It follows that z = λo with λ ∈ kn by Proposition 2. We onsider the
Q-oordinates of λ with respet to the Q-basis
{1, (ζn + ζ¯n), (ζn + ζ¯n)2, . . . , (ζn + ζ¯n)
φ(n)
2
−1}
of kn (f. Corollary 1) and let k ∈ N be the least ommon multiple of all their denominators.
Then, by Remark 10, we get kλ ∈On and kλo ∈ On ∩ (Ro). Sine
(kλo)˜n = k(λo)˜n ∈ [On ∩ (Ro)]˜n ,
one gets z˜n = (λo)˜n ∈ 〈[On ∩ (Ro)]˜n〉
R
. This proves the inlusion. In order to prove
equality of the left-hand side and the right-hand side of this inlusion, onsider the Q-linear
automorphism (m(n)1/o)̂ n , of [Kn]˜n together with its unique extension to an R-linear auto-
morphism, say (m(n)1/o)˜n , of (R2)φ(n)/2; f. Remark 44. For the left-hand side, one has(
m(n)1
o
)˜n[[kno]˜n] = [kn]˜n .
Furthermore, for the right-hand side, one has(
m(n)1
o
)˜n[〈[kno]˜n〉
R
∩ [Kn]˜n] = (m(n)1
o
)˜n[〈[kno]˜n〉
R
]
∩ (m(n)1
o
)˜n[[Kn]˜n]
=
〈(
m(n)1
o
)˜n[[kno]˜n]〉
R
∩ [Kn]˜n
=
〈
[kn]˜n〉
R
∩ [Kn]˜n .
It remains to prove that 〈
[kn]˜n〉
R
∩ [Kn]˜n = [kn]˜n .
Clearly, one has 〈[kn]˜n〉
R
∩[Kn]˜n ⊃ [kn]˜n , so we are only onerned with the other inlusion.
Let x ∈ 〈[kn]˜n〉
R
∩ [Kn]˜n . Sine〈
[kn]˜n〉
R
=
〈〈
[B(n)1 ]˜n〉
Q
〉
R
=
〈
[B(n)1 ]˜n〉
R
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and [Kn]˜n = 〈[B(n) ]˜n〉
Q
, there are µ1, . . . , µφ(n)/2 ∈ R and q1, . . . , qφ(n) ∈ Q suh that
x =
φ(n)
2∑
j=1
µj(b
(n)
j )˜n = φ(n)∑
j=1
qj(b
(n)
j )˜n .
Sine [B(n) ]˜n is an R-basis of (R2)φ(n)/2, one obtains µj = qj and qφ(n)/2+j = 0 for all
j ∈ {1, . . . , φ(n)/2}. It follows that x ∈ 〈[B(n)1 ]˜n〉
Q
= [kn]˜n . This ompletes the proof. 
From now on, we onsider (R2)φ(n)/2 as an Eulidean vetor spae, equipped with the inner
produt 〈 . , . 〉, dened by taking the basis [B(n) ]˜n of the lattie [On]˜n to be an orthonormal
basis. In partiular, the orthogonal omplement T⊥ of a linear subspae T of (R2)φ(n)/2 is
understood with respet to this inner produt, and the norm ‖x‖ of an element x ∈ (R2)φ(n)/2
is given by
(25) ‖x‖ =
√√√√√φ(n)∑
j=1
λ2j ,
where the λj are the oordinates of x with respet to the basis [B
(n) ]˜n . We wish to emphasize
that the latter should not be onfused with the use of orthogonal projetions in the notion of
determination of nite sets by projetions, where we always use the anonial inner produt
on R
d
, d ≥ 2.
Remark 45. Note that if o ∈ On, then, by Proposition 2(a), one also has o¯ ∈ On, where o¯
denotes the omplex onjugate of o.
Lemma 34. Let n ∈ N\{1, 2}, let F ∈ F(On) and let u ∈ S1 be an On-diretion, say parallel
to o ∈ On \ {0}. Then, the set
G
{u}
F ∩ On .
orresponds via the Q-linear isomorphism
.̂ n ◦ m(n)o¯ : Kn −→ [Kn]˜n
to a subset of the lattie [On]˜n whih is ontained in a nite union of translates of the form
y + [On]˜n , where y ∈ [On]˜n.
Proof. First, note that mo¯ is indeed a Q-linear automorphism, sine o¯ 6= 0; see Remark 44.
Let ℓ ∈ supp(XuF ) and onsider an element f + λo ∈ ℓ ∩ On, where f ∈ F ⊂ On and
λ ∈ R. One sees that λo ∈ On and, further, λ ∈ kn; reall that kn is the maximal real
subeld of Kn. Sine o¯ ∈ On, one has (λo)o¯ ∈On; f. Proposition 2. This shows that
m(n)o¯ (f + λo) = f o¯+ (λo)o¯ ∈ f o¯+On. Hene, one has m(n)o¯ [ℓ ∩ On] ∈ f o¯+On. Consequently,
m(n)o¯ [G
{u}
F ∩On ] is ontained in a nite union of translates of the form a+On, where a ∈ On.
The assertion follows immediately. 
Remark 46. Note that 〈[On]˜n〉R and (〈[On]˜n〉R)⊥ are (φ(n)/2)-dimensional [On]˜n-sub-
spaes, sine one has 〈[On]˜n〉R = 〈[B(n)1 ]˜n〉R and (〈[On]˜n〉R)⊥ = 〈[B(n)2 ]˜n〉R.
In the next lemma, (〈[On]˜n〉R)⊥ is seen as a metri spae in the anonial way.
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Lemma 35. Let n ∈ N\{1, 2}. Furthermore, let B be an open ball of positive radius r in the
(φ(n)/2)-dimensional [On]˜n-subspae (〈[On]˜n〉R)⊥. Then, there is a (φ(n)/2)-dimensional
[On]˜n-subspae S of (R2)φ(n)/2 with the following properties:
(i) For eah y ∈ [On]˜n , the translate y + S meets at most one point of
[On]˜n ∩ (B + 〈[On]˜n〉
R
)
.
(ii) S ∩ [Kn]˜n has a Q-basis of the form{
x, (m(n)
(ζn+ζ¯n)
)̂ n(x), . . . , ((m(n)
(ζn+ζ¯n)
)̂ n)φ(n)2 −1(x)} ,
where x ∈ [On]˜n \ {0}.
Proof. For ε ∈ Q positive, set
Sε :=
{
x ∈ (R2)φ(n)2
∣∣∣∣〈(b(n)j )˜n + ε(b(n)φ(n)
2
+j
)˜n , x〉 = 0 ∀j ∈ {1, . . . , φ(n)/2}} .
Then, Sε is a [On]˜n-subspae of dimension φ(n)/2. Further, [Kn]˜n ∩ Sε is a vetor spae of
dimension φ(n)/2 over Q. Moreover, an R-basis of Sε whih simultaneously is a Q-basis of
[Kn]˜n ∩ Sε is given by{
−ε(b(n)j )˜n + (b(n)φ(n)
2
+j
)˜n ∣∣ j ∈ {1, . . . , φ(n)/2}}
=
{(
m(n)
(ζn+ζ¯n)
)̂ n)j(− ε(b(n)1 )˜n + (b(n)φ(n)
2
+1
)˜n) ∣∣ j ∈ {0, . . . , φ(n)/2 − 1}} .
Note that there is even a suitable xε ∈ [On]˜n \ {0} suh that{(
m(n)
(ζn+ζ¯n)
)̂ n)j(xε) | j ∈ {0, . . . , φ(n)/2 − 1}}
is an R-basis of Sε as well as a Q-basis of [Kn]˜n ∩ Sε. For example, if qε is the denominator
of ε, then
xε := qε
(
− ε(b(n)1 )˜n + (b(n)φ(n)
2
+1
)˜n)
has this property.
Suppose that v ∈ ([On]˜n \ {0}) ∩ Sε, say v = ∑φ(n)j=1 λj(b(n)j )˜n with uniquely determined
λj ∈ Z; see Remark 43. Hene, one has
λj = −ελφ(n)
2
+j
for j ∈ {1, . . . , φ(n)/2}. Further, Sine v 6= 0, one has λj 6= 0 for at least one j ∈ {1, . . . , φ(n)}.
If v /∈ (〈[On]˜n〉R)⊥, there is a j0 ∈ {1, . . . , φ(n)/2} suh that λj0 6= 0. It follows that
1 ≤ |λj0 | = ε
∣∣λφ(n)
2
+j0
∣∣ ≤ ε‖v‖.
If v ∈ (〈[On]˜n〉R)⊥, then λj = 0 for j ∈ {1, . . . , φ(n)/2}. This means that there is a
j0 ∈ {1, . . . , φ(n)/2} with λφ(n)
2
+j0
6= 0. Then, one has
0 = −ελφ(n)
2
+j0
6= 0 ,
a ontradition.
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One sees that every v ∈ ([On]˜n \ {0}) ∩ Sε satises ‖v‖ ≥ 1/ε. Further, one haswwwv∣∣〈[On]˜n〉
R
www = ε√(λφ(n)
2
+1
)2
+ · · ·+
(
λφ(n)
)2
≤ ε‖v‖ .
It follows that, if ε ≤ 1/2, thenwwwv∣∣(〈[On]˜n〉R)⊥www ≥ ‖v‖ −wwwv∣∣〈[On]˜n〉
R
www ≥ ‖v‖ − ε‖v‖ = (1− ε)‖v‖ ≥ 1
2ε
.
This implies that, if v1, v2 ∈ [On]˜n are distint lattie points in a translate y+Sε of Sε, where
y ∈ [On]˜n , and if ε ≤ 1/2, then the distanewwv1|(〈[On]˜n〉R)⊥ − v2|(〈[On]˜n〉R)⊥ww = ww(v1 − v2)|(〈[On]˜n〉R)⊥ww
between v1|(〈[On]˜n〉R)⊥ and v2|(〈[On]˜n〉R)⊥ is at least 1/(2ε).
Choose an element ε0 ∈ Q suh that
0 < ε0 ≤ min
{
1
2
,
1
4r
}
.
Then, for eah y ∈ [On]˜n , the translate y + Sε0 of Sε0 meets at most one point of
[On]˜n ∩ (B + 〈[On]˜n〉
R
)
.
To see this, assume the existene of an element y ∈ [On]˜n and assume the existene of two
distint points v1, v2 in (y + Sε0) ∩ ([On]˜n ∩ (B + 〈[On]˜n〉R)). Then, one has
2r >
wwv1|(〈[On]˜n〉R)⊥ − v2|(〈[On]˜n〉R)⊥ww
=
ww(v1 − v2)|(〈[On]˜n〉R)⊥ww ≥ 1
2ε0
≥ 2r ,
a ontradition. We also saw above that a Q-basis of [Kn]˜n ∩ Sε0 is given by{(
m(n)
(ζn+ζ¯n)
)̂ n)j(xε0) ∣∣∣ j ∈ {0, . . . , φ(n)/2 − 1}} .
This ompletes the proof. 
Now we are able to prove a rst result of this setion on suessive determination.
Theorem 20. Let n ∈ N \ {1, 2}. Then, one has:
(a) The set F(On) is suessively determined by two X-rays in On-diretions.
(b) The set F(On) is suessively determined by two projetions on orthogonal omple-
ments of 1-dimensional On-subspaes.
Proof. Let us rst prove part (a). Let F ∈ F(On) and let u ∈ S1 be an On-diretion. Let
o ∈ On \ {0} be parallel to u. Suppose that F ′ ∈ F(On) satises XuF = XuF ′. Then, by
Lemma 28, one has
F,F ′ ⊂ G{u}F ∩ On .
By Lemma 34, the set G
{u}
F ∩ On orresponds via the Q-linear isomorphism
.̂ n ◦ m(n)o¯ : Kn −→ [Kn]˜n
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to a subset of the lattie [On]˜n whih is ontained in a nite union of translates of the form
y + [On]˜n , where y ∈ [On]˜n . It follows that(
m(n)o¯
)̂ n[G{u}F ∩ On ]∣∣(〈[On]˜n〉R)⊥
is a nite set. Hene, it is ontained in an open ball B of positive radius r in (〈[On]˜n〉R)⊥. By
Lemma 35, there is a (φ(n)/2)-dimensional [On]˜n-subspae S of (R2)φ(n)/2 with the following
properties:
(i) For eah y ∈ [On]˜n , the translate y + S meets at most one point of
[On]˜n ∩ (B + 〈[On]˜n〉
R
)
.
(ii) S ∩ [Kn]˜n has a Q-basis of the form{
x, (m(n)
(ζn+ζ¯n)
)̂ n(x), . . . , ((m(n)
(ζn+ζ¯n)
)̂ n)φ(n)2 −1(x)} ,
where x ∈ [On]˜n \ {0}.
In partiular, it follows that S ∩ [Kn]˜n orresponds via ( .̂ n)−1 to a Q-linear subspae of
Kn of dimension φ(n)/2, say L, with Q-basis{(
m(n)
(ζn+ζ¯n)
)j
(o′)
∣∣∣∣ j ∈ {0, . . . , φ(n)/2 − 1}} ,
where o′ is the unique element of On satisfying (o′)˜n = x. Clearly, one has o′ ∈ On \ {0}.
Now, Lemma 33 immediately implies that
L = Kn ∩ (Ro′) .
Consider (m(n)o¯ )
−1(o′) = o′/o¯ ∈ Kn \ {0}. By Proposition 1 and Remark 10, (m(n)o¯ )−1(o′) is
parallel to a non-zero element of On. Let u′ ∈ S1 be an On-diretion parallel to (m(n)o¯ )−1(o′),
e.g.,
u′ := u
(m
(n)
o¯ )
−1(o′)
(as dened in Denition 15(b)). We laim that Xu′F = Xu′F
′
implies that F = F ′. In order
to prove our laim, we shall atually show that any line in the Eulidean plane of the form
ℓo
′′
u′ (f. Denition 1), where o
′′ ∈ On, meets at most one point of the set G{u}F ∩ On dened
above. To see this, assume the existene of an element o′′ ∈ On, and assume the existene of
two distint points g and g′ in ℓo′′u′ ∩ (G{u}F ∩On). We laim that m(n)o¯ (g) and m(n)o¯ (g′) are two
distint points in
(o′′o¯+ L) ∩m(n)o¯
[
G
{u}
F ∩ On
]
.
To see this, let h ∈ ℓo′′u′ ∩ (G{u}F ∩ On). It follows that there is a suitable λ ∈ R suh that
h = o′′ + λ
(
m(n)o¯
)−1
(o′) ∈ G{u}F ∩ On ⊂ On .
Proposition 2 implies that λ ∈ kn and, moreover, one gets
m(n)o¯ (h) = m
(n)
o¯
(
o′′ + λ(m(n)o¯ )
−1(o′)
)
= o′′o¯+ λ
o′
o¯
o¯ = o′′o¯+ λo′ ∈ o′′o¯+ L .
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This proves the laim. Finally, (m(n)o¯ (g))˜n and (m(n)o¯ (g′))˜n are two distint points in(
(o′′o¯)˜n + [L]˜n) ∩ [m(n)o¯ [G{u}F ∩On]]˜n
=
(
(o′′o¯)˜n + (S ∩ [Kn]˜n)) ∩ [m(n)o¯ [G{u}F ∩ On]]˜n
⊂ ((o′′o¯)˜n + S) ∩ [m(n)o¯ [G{u}F ∩On]]˜n ,
whih ontradits Property (i) above, sine (o′o¯)˜n ∈ [On]˜n and sine[
m(n)o¯ [G
{u}
F ∩ On]
]˜n
is a subset of [On]˜n ∩ (B + 〈[On]˜n〉R). This proves part (a). Part (b) follows immediately
from an analysis of the proof of part (a). 
Corollary 13. Let n ∈ N \ {1, 2}. Then, one has:
(a) The set ∪t∈R2F(t+On) is suessively determined by three X-rays in On-diretions.
(b) The set ∪t∈R2F(t+On) is suessively determined by three projetions on orthogonal
omplements of 1-dimensional On-subspaes.
Proof. Let us rst prove part (a). Let U ⊂ S1 be any set of two non-parallel On-diretions,
say u, u′ ∈ S1, having the property
(E) There are o, o′ ∈ On\{0} with uo = u and uo′ = u′, and satisfying one of the equivalent
onditions (i)-(iii) of Proposition 6.
Clearly, there are sets U having property (E), e.g., U := {1, ζn} has this property. Let
F,F ′ ∈ ∪t∈R2F(t + On), say F ∈ F(t + On) and F ′ ∈ F(t′ + On), where t, t′ ∈ R2, and
suppose that F and F ′ have the same X-rays in the diretions of U . Then, by Lemma 28 and
Theorem 12 in onjuntion with Property (E), one obtains
(26) F,F ′ ⊂ GUF ⊂ t+On .
If F = ∅, then, by Lemma 1(a), one also gets F ′ = ∅. It follows that one may assume,
without loss of generality, that F and F ′ are non-empty. Then, sine F ′ ⊂ t′ +On, it follows
from Equation (23) that t + On meets t′ + On, the latter being equivalent to the identity
t+On = t′+On. Hene, one has F − t, F ′− t ∈ F(On), and, moreover, F − t and F ′− t have
the same X-rays in the diretions of U . In partiular, one has XuF = XuF
′
for u ∈ U . Now,
beginning with this diretion u, one obviously an proeed as in the proof of Theorem 20(a).
Part (b) follows immediately from an analysis of the proof of part (a). 
With having the modelling of atomi onstellations in mind, we onlude as follows.
Corollary 14. Let n ∈ N \ {1, 2} and let Λ ⊂ R2 be a Delone set living on On. Then, one
has:
(a) The set F(Λ) (resp., ∪t∈R2F(t + Λ)) is suessively determined by two (resp., three)
X-rays in On-diretions.
(b) The set F(Λ) (resp., ∪t∈R2F(t + Λ)) is suessively determined by two (resp., three)
projetions on orthogonal omplements of 1-dimensional On-subspaes.
Proof. This follows immediately from Theorem 20 (resp., Corollary 13). 
Corollary 15. Let n ∈ N \ {1, 2} and let Λn(t,W ) ∈ M(On) be a ylotomi model set.
Then, one has:
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(a) The set F(Λn(t,W )) is suessively determined by two X-rays in On- diretions.
(b) The set F(Λn(t,W )) is suessively determined by two projetions on orthogonal om-
plements of 1-dimensional On-subspaes.
Proof. This follows immediately from Theorem 20. 
Corollary 16. Let n ∈ N \ {1, 2}. Then, for all windows W ⊂ (R2)φ(n)/2−1, for all star
maps .⋆n : On −→ (R2)φ(n)/2−1 (as desribed in Denition 11) and for all R > 0, one has:
(a) The set ∪Λ∈W ⋆n
Mg(On)
F(Λ) is suessively determined by three X-rays in On-diretions.
(b) The set ∪Λ∈W ⋆n
Mg(On)
F(Λ) is suessively determined by three projetions on orthogonal
omplements of 1-dimensional On-subspaes.
Proof. This follows immediately from Corollary 13. 
Remark 47. Clearly, Theorem 20 and its immediate impliations ontained in Corollary 14
and Corollary 15 are optimal with respet to the number of X-rays (resp., projetions) used.
Note that F(R2) needs at least three X-rays (resp., projetions) for its suessive determina-
tion; see [17, Corollary 7.5℄. Consequently, Corollary 14 and Corollary 15 show that ylotomi
model sets and even general Delone sets living on On are loser to latties than to general
point sets as far as suessive determination is onerned; see [17, Corollary 7.3℄.
We are now able to give an alternative proof of Corollary 11.
Corollary 17 (f. Corollary 11). Let n ∈ N \ {1, 2}, let Λn(t,W ) ∈ M(On) be a ylotomi
model set, and let R > 0. Then, one has:
(a) The set D<R(Λn(t,W )) is determined by two X-rays in On-diretions.
(b) The set D<R(Λn(t,W )) is determined by two projetions on orthogonal omplements
of 1-dimensional On-subspaes.
Seond proof. Wemay assume, without loss of generality, that t = 0 and hene Λn(t,W ) ⊂ On.
Let .˜n be the Minkowski embedding of On that is used in the onstrution of Λn(t,W ), i.e.,
a map
.˜n : On −→ R2 × (R2)φ(n)2 −1 ,
given by
z 7−→ (z, z⋆n) ,
where
z⋆n =
(
σ2(z), . . . , σφ(n)
2
(z)
)
;
see Setion 4. The assertion will follow from the ensuing analysis of the proof of Theorem 20.
Let us rst prove (a). Let F ∈ D<R(Λn(t,W )) and hoose the On-diretion u := 1 ∈ S1 ∩On.
Suppose that F ′ ∈ D<R(Λn(t,W )) satises X1F = X1F ′. Then, by Lemma 28, one has
F,F ′ ⊂ G{1}F ∩ Λn(t,W ) ⊂ On .
An analysis of the proof of Lemma 34 shows that the set G
{1}
F ∩ Λn(t,W ) maps via .˜n to
a subset of the lattie [On]˜n whih is ontained in a nite union of translates of the form
f˜n + [On]˜n , where f ∈ F . In partiular, one has[
G
{1}
F ∩ Λn(t,W )
]˜n ⊂ [F ]˜n + [On]˜n
DISCRETE TOMOGRAPHY 57
and, further,
(27)
[
G
{1}
F ∩ Λn(t,W )
]˜n∣∣(〈[On]˜n〉R)⊥ ⊂ [F ]˜n∣∣(〈[On]˜n〉R)⊥ .
Clearly, [F ]˜n |(〈[On]˜n〉R)⊥ is a nite set. Further, by denition of Λn(t,W ), one has
[F ]˜n = {(f, f⋆n) | f ∈ F} ⊂ F × [F ]⋆n ⊂ F ×W .
Sine F ∈ D<R(Λn(t,W )) by assumption and sine W is bounded (reall that W is ompat),
one sees that there is a positive D ∈ R suh that, for all F ∈ D<R(Λn(t,W )), the set
[F ]˜n has diameter at most D with respet to the maximum norm on R2 × (R2)φ(n)/2−1,
dened by the Eulidean norms on R
2
and (R2)φ(n)/2−1 ∼= Rφ(n)−2, respetively. Sine all
norms on R
2 × (R2)φ(n)/2−1 are equivalent, there is a positive D′ ∈ R suh that, for all
F ∈ D<R(Λn(t,W )), the set [F ]˜n has diameter at most D′ with respet to the norm on
R
2 × (R2)φ(n)/2−1 dened by the lattie [On]˜n ; f. Equation (25). It follows from (27) that,
for all F ∈ D<R(Λn(t,W )), the set [G{1}F ∩ Λn(t,W ) ]˜n |(〈[On]˜n〉R)⊥ has diameter at most
D′ with respet to the indued norm on (〈[On]˜n〉R)⊥. Hene, there is a positive r ∈ R suh
that, for all F ∈ D<R(Λn(t,W )), the set [G{1}F ∩ Λn(t,W ) ]˜n |(〈[On]˜n〉R)⊥ is ontained in a
suitable open ball BF of radius r in (〈[On]˜n〉R)⊥. Observing that the (φ(n)/2)-dimensional
[On]˜n-subspae S of (R2)φ(n)/2 in Lemma 35 does only depend on the radius r of the open
ball, one sees that it is possible here to hoose the seond diretion u′ independently from F
and F ′. This proves part (a). Part (b) again follows immediately from an analysis of the proof
of part (a). 
Remark 48. Similarly, one an modify [17, Lemma 7.1℄ in order to obtain an alternative
proof of Corollary 12. Clearly, Corollary 17 is best possible with respet to the number of
X-rays (resp., projetions) used.
Theorem 21. Let n ∈ N \{1, 2}. Then, for all windows W ⊂ (R2)φ(n)/2−1, for all star maps
.⋆n : On −→ (R2)φ(n)/2−1 (as desribed in Denition 11) and for all R > 0, one has:
(a) The set ∪Λ∈W ⋆n
Mg(On)
D<R(Λ) is determined by three X-rays in On-diretions.
(b) The set ∪Λ∈W ⋆n
Mg(On)
D<R(Λ) is determined by three projetions on orthogonal omple-
ments of 1-dimensional On-subspaes.
Proof. To prove part (a), let U ⊂ S1 be a set of two non-parallel On-diretions ontaining the
On-diretion 1, say U = {1, u}. Suppose that u ∈ S1 has the property
(E') There is an element o ∈ On \ {0} with uo = u suh that {1, o} satisfy one of the
equivalent onditions (i)-(iii) of Proposition 6.
Clearly, there are elements u ∈ S1 having Property (E'), suh as u := ζn ∈ S1. Let F,F ′ ∈
∪Λ∈W ⋆n
Mg(On)
D<R(Λ), say F ∈ D<R(Λ⋆nn (t, τ + W )) and F ′ ∈ D<R(Λ⋆nn (t′, τ ′ + W )), where
t, t′ ∈ R2 and τ, τ ′ ∈ (R2)φ(n)/2−1, and suppose that F and F ′ have the same X-rays in the
diretions of U . Then, by Lemma 28 and Theorem 12 in onjuntion with Property (E'), one
obtains
(28) F,F ′ ⊂ GUF ⊂ t+On .
If F = ∅, then, by Lemma 1(a), one also gets F ′ = ∅. It follows that one may assume,
without loss of generality, that F and F ′ are non-empty. Then, sine F ′ ⊂ t′ +On, it follows
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from Equation (23) that t + On meets t′ + On, the latter being equivalent to the identity
t + On = t′ + On. Moreover, the identity t + On = t′ + On is equivalent to the relation
t′ − t ∈ On. Hene, one has
F − t ∈ D<R
(
Λ⋆nn
(
0, τ +W
))
and, sine the equality Λ⋆nn (t
′ − t, τ ′ +W ) = Λ⋆nn (0, (τ ′ + (t′ − t)⋆n) +W ) holds,
F ′ − t ∈ D<R
(
Λ⋆nn
(
t′ − t, τ ′ +W )) = D<R(Λ⋆nn (0, (τ ′ + (t′ − t)⋆n) +W )) .
Clearly, F − t and F ′ − t again have the same X-rays in the diretions of U . In partiular,
one has X1(F − t) = X1(F ′ − t). Now, proeeding as in the proof of Corollary 17, one sees
that there is an On-diretion u′ suh that the set ∪Λ∈W ⋆n
Mg(On)
D<R(Λ) is determined by the
X-rays in the diretions of the set U ′ := U ∪ {u′}. In partiular, the above set is determined
by three X-rays in On-diretions. Part (b) follows immediately from an analysis of the proof
of part (a). 
Final Remark
Note that many of the above results also hold for model sets assoiated with the well-known
Penrose tiling of the plane; f. [5, 25℄.
Towards Three-Dimensional Model Sets
Though we have foussed on the planar ase here, many results an be lifted to higher
dimensions. This is due to the dimensional hierarhy mentioned in the introdution; see [32℄.
However, model sets in dimension d ≥ 3 do not possess suh a systemati desription as the
planar ones do on the basis of ylotomi elds. Also, partiular symmetries play an important
role, suh as iosahedral symmetries in 3-spae. This will require some more detailed attention
to the speial ases at hand. We hope to report on progress in this diretion in the near future;
see [25℄.
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